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INTRODUCTION TO DOVER EDITION 


Some people seem destined to be centers of controversy. I can 
think of no one who would dispute Gabriel Kron’s eminent right to 
be numbered among them. j 

Kron’s early work opened new domains in the applications of 
tensor analysis, yet when it first appeared it received scant atten- 
tion, and later, when it began to be recognized as possibly signifi- 
cant, it was much vilified. Various complaints were made; that it 
was completely wrong; that it might perhaps at bottom be correct 
but used tensors improperly ; that it used tensors not at all but was 
old stuff deeked out in matrix clothing; and that even this deck- 
ing out was not new. One observed a curious conflict of trends 
in the complaints: the work was wrong — the work was right 
but not new. Either way, Kron could hardly gain the impression 
that he was being flattered, except perhaps by attention. 

J. Slepian once likened Kron’s work to fruit salad; and A. 
Duschek and A. Hochrainer, in the introduction to their book 
Grundziige der Tensorrechnung in Analytischer Darstellung, 
dismissed an American author — evidently Kron —with the fol- 
lowing words: 

yin besonderes krasser Fall ist aber der eines amerikanischen 
Autors, der die Tensorrechnung geradezu mit Gewalt auf die 
Theorie der elektrischen Maschinen und Netze anwenden will, 
sich bis zu den Begriffen , absolutes Differential" und ,Kriim- 
mungstensor” versteigt und dariiber dicke Biicher and lange 
Serien von Abhandlungen veréffentlicht.” * 

Why should the work of Kron have excited such general ani- 
mosity? One reason is, doubtless, its bold originality, for the lot 


* The precise flavor of the invective is hard to render into English. The 
following is an approximate translation: A particularly crass instance, 
however, is that of an American author, who wants to apply the tensor 
calculus with downright violence to the theory of electric machines and 
networks, even goes so far as to use the concepts “absolute differential” 
and “curvature tensor,” and publishes thick books and long series of 
papers on it all. 
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of the innovator is rarely smooth. Another may lie in the very 
nature of Kron’s synthesis, bringing together, as it does, the 
previously disparate fields of electrical engineering and tensor 
analysis. In the early days few people were equipped to assay 
the work of Kron since, for the most part, those who knew elec- 
trical engineering did not know tensor analysis and those who 
knew tensor analysis did not know electrical engineering. The 
impression thus arose that the work was formidably difficult, 
and this may well have prejudiced people against it. Actually it 
is no more difficult than many things that electrical engineers 
have learned to take in their stride; and such difficulty as there 
may be is more than compensated by a superb unification. 

Originality and apparent difficulty may partly explain the re- 
sistance Kron’s work has encountered. But Kron himself is also 
to blame, for he is far from being a convincing expositor. His 
primitive concept of rigor, his appeal to “generalization postu- 
lates” in lieu of proofs, his attempts, fortunately absent from the 
present book, to impress by a sort of name dropping of impres- 
sive-sounding terms like Riemann-Christoffel Curvature Tensor 
and Unified Field Theory — these and other faults have alienated 
many people. 

Kron would be the first to concede his lack of rigor. He does 
not claim to be a pure mathematician. But we have no right to 
insist that an innovator present his ideas in impeccable form. 
We must take our innovators as they come, and we should be 
grateful to get their ideas in any intelligible form at all. Newton 
himself, by modern standards, was shockingly unrigorous in his 
presentation of the calculus; and unrigorous too by standards 
of his time, for his work was validly criticized by Bishop Berkeley. 

Let us concede that Kron writes thick books and long series 
of papers, that in some of his papers he is willfully obscure, 
that he seems to delight in being irritating, that he lacks all 
concept of mathematical rigor, and that he makes errors. Let us 
make all other valid complaints against him. There remains 
nevertheless an impressive corpus of work that stamps him as 
an innovator of major importance. 

P. Le Corbeiller wrote in the preface of his book Matrix Analy- 
sis of Electric Networks: 

“Kron is the author of a method of analysis of rotating elec- 
trical machinery, in which one and the same tensor equation 
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applies to every conceivable type of machine. This, in my opinion, 
is the most significant advance in electrical engineering analysis 
since the introduction of impedances by Kennelly and Steinmetz 
‘and of the two-reaction method by A. Blondel.” 

And P. Langevin, who was the first to champion the seemingly 
grotesque ideas of de Broglie on the wave nature of matter, 
quickly recognized the importance of Kron’s work and saw to it 
that Kron was awarded the Montefiore prize. Indeed, Kron now 
has a significant international following, particularly in England, 
France, and Japan. 

Outside of geometry and the theory of relativity, the applica- 
tions of tensor analysis have often been, from the tensorial point 
of view, rather trifling. To write basic equations in tensorial 
form by means of covariant derivatives is hardly to exhaust the 
resources of the tensor calculus and while the use of the tensor 
law of transformation to express these equations in terms of 
spherical and cylindrical coordinates may at one time have 
seemed remarkable, it is a small matter compared with the uses 
to which Kron puts the tensor transformation law. 

For Kron uses tensors to unify great classes of physical sys- 
tems. With him a tensor transformation changes, for example, 
the equations of one electrical machine to those of another elec- 
trical machine of different type. He constructs prototype ma- 
chines — the primitive machines — from whose equations he 
obtains those of all other electrical machines by applying ap- 
propriate tensor transformations. This in itself is a masterly 
unification. But in addition Kron shows how different established 
theories of a given machine are convertible into one another by 
tensor transformation. 

To accomplish these things Kron goes beyond the types of 
transformations usually employed in technological applications 
of tensor analysis. His transformations are often singular, and 
in certain important cases non-holonomic. That such transforma- 
tions are essential ingredients of the unification is an indication 
of the non-trivial nature of Kron’s achievement. But for some 
reason their presence has called forth strong criticism. True, they 
are unexpected; that may make them suspect, but it does not 
make them wrong. 

Do we wish to criticize Kron’s use of singular transforma- 
tions? Then, to be consistent, we should criticize also the use of 
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such tensor transformations in the theory of Lagrangian dy- 
namics. Do we complain that Kron uses non-holonomic reference 
frames? Then, to be consistent, we should complain too about 
the Maxwell-Lorentz electrodynamics, for Lorentz was the man 
who first realized the non-holonomic character of the currents 
used therein as electrodynamical coordinates. 

There is irony in the fact that Lagrangian dynamics and Max- 
well-Lorentz electrodynamics had been accepted without demur 
by the very critics who objected to Kron’s using singular and 
non-holonomic transformations, for while Kron went well be- 
yond what had been done before with these transformations he 
did no violence to the ideas already present in embryonic form 
in dynamics and electrodynamics. 

In more advanced work growing out of that presented in this 
book, Kron uses the curvature tensor, a fact noted with appar- 
ent distaste by Duschek and Hochrainer. Kron uses the curva- 
ture tensor in both holonomic and non-holonomic reference 
frames, something probably without precedent in the techno- 
logical applications of tensors. But he uses it because it comes 
in naturally. He does not drag it in arbitrarily merely to impress 
or annoy — though once it is in he is not above using it for 
those purposes. 

When first I encountered Kron’s work, nearly a quarter of a 
century ago, I was extremely dubious of its validity, and even 
of its plausibility. Trained, as I was, in the tensorial tradition 
of geometry and relativity, I balked at the use of singular trans- 
formations the elements of whose matrices were mainly ones, 
minus ones, and zeros; the tensor nature of such work seemed 
highly suspect. I can sympathize with Duschek and Hochrainer 
in the attitude they expressed many years ago towards Kron’s 
work, for, because of the extraordinary originality of that work, 
its initial effect on those who knew tensors was indeed shocking. 
But I have long been convinced that the work that forms the 
topic of this book is both valid and important, that it makes 
proper, if novel, use of tensor concepts, that tensors are an in- 
tegral and essential part of it, and that it constitutes an epoch 
making extension of the realm of application of tensor analysis. 
In recent years Kron has considerably extended his method and 
advanced into new territories of application. Each advance has 
excited new controversy reminiscent of the old, but I am less 
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competent to discuss these matters, lacking sufficient expertness 
in the fields involved. 

The present book, ostensibly an introduction to tensor analysis, 
is really an introduction to Kron’s tensor theory of stationary 
electrical networks and rotating electrical machines. If you seek 
in it a rigorous presentation of the subject you will be disap- 
pointed. Approach it with a different attitude. Seek in it a 
working introduction to the remarkable methods that Kron 
discovered. Accept the assurances of myself and increasingly 
many others that the work can be demonstrated to be funda- 
mentally valid. Read the book, in fact, as you would read a work 
by Heaviside now that it is no longer fashionable to deride him— 
for Heaviside and Kron have much in common. Do this and you 
will find to your delight that the basic procedures are clearly 
set forth, the various aspects of the generalized machine are 
patiently portrayed, the illustrative examples are nicely worked 
out, the steps to be taken are carefully codified—in short, that, 
within its limitations, this book is almost a model of exposition. 
For no one presents the ideas of Kron more vividly than Kron 
himself. 


June, 1958 BANESH HOFFMANN 
Queens College 
Flushing, N. Y. 
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PREFACE 


This volume contains a series of lectures delivered to students in the 
Advanced Course in Engineering of the General Electric Company. 
The subject matter represents a short outline of the tensorial method 
of attack of certain electrical-engineering problems that has appeared 
in three more exhaustive publications* and in several shorter papers 
since 1932. Although no additional basic concepts are introduced that 
have not appeared in the other publications, still several old topics are 
presented from a new point of view and other new subjects are touched 
upon, such as mercury-arc rectifier circuits. Among the new groups 
of transformations introduced are those establishing equivalent cir- 
cuits for rotating machines (such as the capacitor motor) that can be 
set up on the a-c. network analyzer. 

The subject matter has been selected from the point of view of the 
power engineer and is divided into two parts. The first part deals with 
the invariant theory of general asymmetrical networks, without inquir- 
ing too closely what the individual ‘‘coil’’ and its impedance Z stand 
for. The network may be stationary or rotating; the performance may 
be transient or steady-state. The second part undertakes a more 
detailed analysis of one special type of asymmetrical network, namely, 
rotating machines. 

The purpose of this volume is to develop a new method of reasoning 
in analyzing engineering problems and not to study in detail any par- 
ticular structure. There are no speed-torque curves or descriptions of 
performances of systems. The volume is restricted to the presentation 
of a unified method of analysis. Although the method of reasoning is 


* Kron, ‘“‘Tensor Analysis of Networks,” John Wiley & Sons, January, 1939. 

Kron, ‘The Application of Tensors to the Analysis of Rotating Electrical Ma- 
chinery,”’ Parts I-XVI, General Electric Review, May, 1938. 

Kron, ‘‘The Application of Tensors to the Analysis of Rotating Electrical Ma- 
chinery.’’ A series of articles that appeared in the General Electric Review beginning 
April, 1935, of which Parts XVII and XVIII (May and October, 1938) are not 
included in the bound volume. 

These three publications will be referred to throughout the text as 7.A.N., 
A.T.E.M., and G.E.R., respectively. 
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new, the results arrived at are in a form used by engineers with whom 
the author is in contact. 


At first reading the following chapters may be considered: 1-4, 
6, 12, 13, 15-18, 21-23, 28, 30, 32. 
GABRIEL KRON 


ScHENECTADY, N. Y. 
February 9, 1942 


INTRODUCTION 


One of the purposes of this and the other books of the author is to 
establish, manipulate, and solve the equations of performance of com- 
plex engineering systems in an organized manner instead of haphazardly 
and to utilize this organization to obtain new information about the 
systems. In the following, only the setting up of equations wiH be 
studied in detail, and of the many manipulations only one process— 
the elimination of variables—will be introduced. Since practically all 
the differential equations introduced can be solved, if at all, by well- 
known methods, the systematic solution of systems of differential 
equations is not undertaken in these pages. In textbooks on matrices 
the reader will find a wealth of material on the systematic solution of 
sets of differential equations. 

The organization is undertaken with the aid of a mathematical tool 


known as tensor analysis, which has been found to be the natural tool. 


for investigating phenomena taking place in the actual physical world 
or in the abstract spaces invented by human imagination. However, 
the manner of application of these modern concepts for the problems 
of the engineer differs radically from the point of view adopted by the 
physicist (or the geometer). This radical departure is necessitated by 
the different goal aimed at by the two groups of specialists. 

Tensor analysis has hitherto been used exclusively to establish the 
invariant laws of nature in the form of tensor equations that are inde- 
pendent of the reference frame employed. Very little attention has 
been paid, however, to expanding these symbolic equations to particu- 
lar cases. In these volumes, on the contrary, the establishment of 
symbolic equations is only a stepping-stone toward the final goal of 
constructing a smooth-running mechanism that automatically unfolds 
the relatively few symbolic equations to apply to the infinite variety of 
specific problems with which an industrial civilization confronts the 
engineer. 

This mechanism is nothing more than a method of reasoning, a 
philosophy, that serves as a pathfinder while the engineer cuts his way 
across the labyrinth of interrelated phenomena. A short outline of the 
proposed method of attack on engineering problems (whether they are 
electrical or mechanical phenomena) is given here. 
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Let the transient and steady-state performance of an engineering 
structure, say a turbine-governing system or an electric speed drive, 
be determined. The steps are as follows: 


1. Do not analyze the given system immediately, since it is com- 
plicated. Instead, first set up the equations of another related sys- 
tem which is much simpler to analyze (or whose equations have 
already been established on a previous occasion). 

2. Then change the equations of the simpler system to those of 
the complex system by a routine procedure. 


Tensor analysis supplies the routine rules by which the equations 
of the simpler (or known) system are changed to those of the given 
system. 

The question immediately arises: How are the simpler systems estab- 
lished? Two procedures are available, to be used independently or 
simultaneously. 

1. Break up the complex system into several component systems by 
removing certain strategically located interconnections so that each compo- 
nent should be easy to analyze. This break-up may be accomplished in 
several successive steps. 

For a turbine-governing system, say, the system is divided into the 
governor, the linkage, the pilot valve, and the turbine, and the per- 
formance of each is studied as if the others were not present. For an 
electric speed drive, the system is divided into the synchronous motor, 
the induction motor, and the stationary network. 

Now, if the equations of each of these component systems have not 
been established before, then each component is again subdivided into 
still smaller components whose equations are easy to establish. 

The collection of component systems, which forms the last step in 
the necessary subdivision, will be called the “‘primitive system.”’ 

Once the equation of a component part (say, the governor) has been 
established, there is no more necessity to establish its equation all over 
again when it is used as a component part of a different engineering 
system. That is, the results of all investigations in the language of 
tensors may be stored away for future use in different types of prob- 
lems just as standardized machine parts are stored away to be reassem- 
bled in a variety of structures. 

2. In addition to breaking up the complex system into several com- 
ponent systems, assume new, simpler types of reference frames etther in 
the original or in the broken-up systems. 

For instance, instead of curvilinear axes, assume rectilinear axes if 
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possible; or, instead of brushes at an angle, assume brushes along the 
main poles; etc. The new axes may be actually existing or hypotheti- 
cal axes (like symmetrical components or normal coordinates, for 
example). . 

The routine procedure of going from the equations of the “primitive 
system” to the equations of the actual system is usually referred to as 
“transformation theory’’ or ‘‘transformation of reference frames.” 
This process is the backbone of tensor analysis. 

It is surprising how few ultimate types of elements there are that 
form the building blocks of the great variety of engineering structures. 
Most stationary networks consist of a collection of one-dimensional 
“coils’’ only; all rotating machines consist only of a collection of two- 
dimensional ‘‘windings.” The great variety of structures differ only 
by the manner of interconnections of these ultimate coils and wind- 
ings, and the variety of theories differ only by the type of hypothetical 
reference frame assumed. 

It is only the study of the ultimate building blocks that requires 
analytical work. The interconnection of these units into the given 
system is a routine procedure. 

Of course, many ideas of tensor analysis have been and are utilized 
by engineers in their daily work without using the word “tensor.” 
The present study undertakes a systematization and extension of 
those loose or half-baked ideas and “‘hunches.”’ 

Although the method of reasoning will be employed here only for 
stationary and rotating electrical networks, exactly the same reasoning 
applies also to mechanical and other physical systems. That is, all 
reasonings and all symbolic formulas to be studied are independent 
of electrical engineering. The electrical applications are only illus- 
trations. 

It should be mentioned that only the second step of changing the 
reference frame on a given system has been used by geometers in 
differential geometry by employing the apparatus of tensor analysis. 
However, the first step of tearing a structure into several component 
parts, or rather transforming the equations of different structures into 
each other, has not been employed as yet in geometry. It is this very 
process of building up the equations of complex physical structures 
from those of their component parts that serves as the key to the 
tensorial analysis of engineering structures. Without this process 
every individual machine and system presents an isolated problem to 
be analyzed anew from the very fundamentals. 

Only during the last few years has a similar study been undertaken 
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by geometers in topology, using reasonings, concepts, and the appara- 
tus of tensor analysis analogous to those employed by electrical 
engineers.* It is rather interesting that Kirchhoff laid the foundation 
of topology by his study of electrical networks. It is not a coincidence 
but a consequence of some hitherto hidden relation between the prop- 
erties of space and those of electricity that the science of electrical 
engineering and that of topology meet again on a common ground 
when both are viewed from an invariant point of view. 

As first steps to the type of organization undertaken by the method 
of tensors, the use of matrices and three-dimensional vectors, both 
familiar concepts to engineers, may be considered. Matrices have 
been extensively employed by mathematicians in function-theoretical 
investigations, for instance in determining the characteristics of the 
roots of differential equations. Frazier, Duncan, and Collar f have 
used matrices in investigating the differential equations that arise in 
mechanical vibration problems. Feldtkeller,{ also Strecker, Cauer, 
and their followers, have used matrices in synthesis problems of four- 
terminal communication networks. 

The vectors of conventional vector analysis (also the dyadics, 
triadics, and, in general, the ‘‘polyadics’’) form a type of organization 
different from matrices, though matrices of various dimensions always 
arise whenever vectors are represented along some particular reference 
frame. Whereas matrices owe their existence to arbitrary mathemati- 
cal definitions, vectors have an independent physical existence of their 
own, and their mathematical definitions try only to embody the physi- 
cal characteristics of vectors endowed by nature. That is, the concepts 
of conventional vector analysis are matrices come to life. 

Now tensors may be looked upon as vectors (or rather polyadics) come 
of age. While vectors can represent only three variables simultane- 
ously, tensors may be used in problems with any number of variables. 
The use of conventional vectors is restricted to special types of refer- 
ence frames drawn in special types of spaces. No such limitations are 
imposed upon tensors. 

That is, “‘tensor’’ is just another name for “physical entity.’’ Tensor 
analysis is the study of physical phenomena in terms of the physical 
entities themselves. It also supplies a routine mechanism to express 
the behavior of these entities in a mathematical form along any 
desired reference frame. . 

* Tucker, “‘Discussion on Tensor Analysis,” Electrical Engineering, 1937, p. 619. 


t ‘Elementary Matrices,” Oxford University Press, 1938. 
} “Fernmeldtechnik,”’ Springer, Berlin, 1938. 
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Since engineers deal with more complicated and interrelated physical 
phenomena than physicists or geometers, tensor analysis is an engineer- 
ing tool par excellence, and it might have been invented and devel- 
oped by engineers had not engineering often been restricted in past 
decades to a cut-and-try art. As analytical methods come into more 
prominence and the complexity of engineering problems increases. the 
need of putting to practical use the organizing ability of tensorial 
methods will become more pressing. __ 

Examples of such pressing needs are the equivalent circuits of single 
and interconnected rotating machines. The computations of the 
performance of modern interconnected systems are so long and time- 
consuming that the aid of calculating machines, such as the a-c. net- 
work analyzer, must be resorted to. The establishment of equivalent 
circuits requires just the type of organized steps and physical pictures 
that the tensorial method of attack, presented in this book, supplies 
automatically. 

Other examples are the stability and hunting studies of engineering 
structures that are today in the foreground of attention because of the 
inicreased use of automatic control devices. It is well known that the 
conventional application of the Lagrangean equations to the study of 
small oscillations—as given in textbooks on dynamics or on electrical 
machinery—do not lead to tensor (invariant) equations. As a conse- 
quence the resulting equations do not give a complete physical picture 
(except in special cases) of what actually takes place in the system dur- 
ing small oscillations, even though the equations do give correct numer- 
ical answers. This lack of completeness shows up in any attempt to 
visualize the phenomena of hunting or in attempts to construct physical 
models. * 

To establish the invariant form of hunting equations and thereby to 
express the phenomena of small oscillations in terms of measurable and 
visualizable physical quantities, it is necessary to employ such advanced 
concepts of tensor analysis as the Riemann-Christoffel curvature ten- 
sor (discovered first by Riemann about a century ago). 

It is the avowed purpose of these volumes to introduce into the 
study of engineering structures only such concepts as physicists have 
developed for the study of the simplest unit of the structure. Every 
effort has been made at the same time to introduce only the absolute 
minimum of concepts into engineering and only those that form the 
very foundation of theoretical physics. The formulas and methods 


* Kron, “Equivalent Circuits for the Hunting of Electrical Machinery,” Trans. 
A.LE.E., 1942. 
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of attack proposed are based upon the conviction that the science of 
engineering differs from the science of physics only in: 


1. Using a larger number of variables. 
2. Employing greater variety of reference frames. 
3. Constructing more complex spaces. 


But the basic symbols used in both sciences are identical; they must be 
identical by virtue of the very identity of the physical phenomena 
dealt with. 
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PART I 
GENERAL ASYMMETRICAL NETWORKS 


CHAPTER 1 


THE ALGEBRA OF N-WAY MATRICES * 


N-WAY MATRICES 


The presentation of tensor analysis is facilitated by an acquaintance 


with the algebra of matrices. 
A set of quantities may be arranged in various dimensions and 


denoted by a single symbol. Such a set is a row 
O | =1 — matrix 


i=] 3 2 


-s| 4 


a rectangle, 


= 2 — matrix 


or a cube, Fig. 1.1. 
In general such multi-dimensional sets are called ‘‘n-way matrices’’ 
or “n-matrices” or briefly ‘‘matrices.” (A ‘‘2-matrix’”’ is often called a 


Fig. 1.1. A cubic set. 


“matrix” when no misunderstanding may arise. A 1-matrix is also 
called a “linear matrix”’ or ‘column matrix.”’) Each number is called 
an “element.” 

A single quantity like 5 or x” may be called a ‘0-matrix” (zero- 
dimensional matrix). 


* T.A.N., Chapters I and II. 
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The number of rows and columns and layers may vary from one to 
infinity, depending on the problem. The theory of 2-matrices with 
infinite number of rows will not be considered here. 

In print, matrices are denoted by bold-face letters as above or by 
brackets as A = [A]. In writing, matrices are usually represented bya 
bar over the letter. 


EXAMPLES OF N-WAY MATRICES 


Let a stationary network with four meshes be given. Then (Fig. 1.2): 


Fic. 1.2. A four- 
mesh network. 


1. The four mesh currents may be arranged in a 1-matrix and de- 
noted by one symbol as 


i = at tg 43 44 


2. Similarly the impressed voltages around the meshes form a 1- 
matrix 


&2 &3 &4 


Each of the components may be d-c or a-c or instantaneous or a 
Heaviside unit function, etc. 

3. The self and mutual impedances of the meshes may be arranged 
as a 2-matrix 


where 
Z1 | Zie | 213 | 214 


Ze | Zo3 | Zoa 41 =Rit Lip + 1/pCy + Lpe 


Z31 | Z32 | Z33 | Z34 or 


Zu | Zan | Zs | Za Z11 = Ri + 5X + Xv 


Each component may be a real or complex number or may contain the 
differential operator p = d/dt. 
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4. The instantaneous power input, or stored magnetic energy, or 
electrostatic energy in the whole system, is a single number (or single 
function of time) and each is a 0-matrix. 


ADDITION OF N-MATRICES 


N-matrices may be manipulated as ordinary quantities with certain 
precautions. Only 0-, 1-, and 2-matrices, and their addition, multi- 
plication, and division, will be considered here. 

Only -matrices of the same dimensions and the same number of 
rows may be added.. They are added by adding corresponding compo- 
nents. 


e=/ 0 2) 1 1.1 


A+B= ——— 
ite=| 1 4 | -2 


Multiplication of N-Matrices 


1. 0-Matrix and n- Matrix a B. Any n-matrix is multiplied by a single 
number (0-matrix) by multiplying each element by the given number. 


1.2 


2. Two 1-Matrices i-e. Multiply corresponding elements and add 
them. The product is a single number, a 0-matrix. The product is 
usually denoted by a dot. 


ice = (1)(0) + (3)(—2) + (5)(1) 


1 3] 5 


3. 2-Matrix and a 1-Mairix A-i. Draw a horizontal and a vertical 
arrow as shown, and multiply each row of the 2-matrix by the 1-matrix, 


1.3 
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giving a single number. These single numbers are arranged in a 1- 
matrix in their proper order. 


3-141-2+4-3 17 
= }2-14+5-2+6-3] =] 30 1.4 
1-1+2-2+5-3 20 


4. 1-Matrix and a 2-Matrixi-A. Again draw first a horizontal, then 
a vertical arrow, and multiply as above. The result again is a 1-matrix. 


5. Two 2-Matrices A-B. Again draw first a horizontal, then a verti- 
cal arrow, and multiply each rowof the first byeach column of the second 
2-matrix (as the arrow indicates). Each product is placed in the corre- 
sponding place of the resultant matrix as shown. 


DIVISION WITH N-MATRICES 


An 1-matrix can be divided only by a single number (0-matrix) anda 
square 2-matrix. 

1. An n-matrix is divided by a single number by dividing each of its 
elements by the number. 


1.7 


2. Division by a 2-matrix Z is represented by a multiplication with 
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its inverse Z~!. Finding the inverse of Z is analogous to solving a set 
of simultaneous equations by Cramer’s rule. 

In order to find the inverse of a matrix Z, one first has to know how to 
find the (a) ‘‘determinant”’ of a matrix, (b) ‘“‘minor”’ of an element of a 
matrix. 


(a) The determinant of rae is AD — CB = a number 
——|—— 1.8 
C|D 
The determinant of is AEK + BFG + DHC 
— GEC — DBK — AHF 


= a number 1.9 


(6) The minor of an element is found by cancelling the row and 
column of the matrix passing through the element and calculating the 
determinant of the remaining matrix. For instance, the minor of B in 
the last matrix is DK — GF. 


Inverse Calculation of Z 


The inverse of Z is found in four steps: 


1. Interchange rows and columns (i.e., find Z,). 

2. Replace each element by its minor. 

3. Divide each element by the determinant of Z. 

4. Multiply the elements alternately by plus or minus 1 according 
to the scheme of Fig. 1.3. 


Fig. 1.3. 


As an example let the inverse of 
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be calculated 
1. The transpose of Z is 


2. The minor of each element is 


EK-FH | BK-HC | BF-EC 
AK-GC | AF-DC 
AH-GB | AE-DB 


3. Divide each element by 
Det = AEK + BFG + DHC — GEC — DBK — AHF 


4, Multiply each element alternately by plus or minus 1 


(EK-FH)/Det | (HC-BK)/Det | (BF-EC)/Det 
(GF-DK)/Det | (AK~GC)/Det | (DC-AF)/Det 1.10 
_(DH-GE)/Det | (GB-AH)/Det | (AE-DB)/Det 


The fraction 1/Det may be written outside the matrix as a factor. 


IMPORTANT 2-MATRICES 


1. When the rows and columns of a matrix A are interchanged, the 
resultant matrix is called the ‘‘transposed” matrix and is denoted as 
A;. For example, 


The transpose of a transposed matrix is the original 


(Ai); =A 1.12 
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2. The “‘unit matrix” has unity in its main diagonal and zero else- 
where. 


es 1.13 
Any matrix multiplied by 1 is unchanged. 
1lA=A-1l=A 1.14 
The unit matrix is used in factoring. 
A+ A-B = A-(1 + B) 1.15 
3. The ‘‘zero matrix’”’ has zero for all its components. 
0 0 
0 = |—__|—__- 1.16 
0 0 
Any matrix multiplied by 0 becomes zero. 
0-A=0 1.17 


4, A “diagonal matrix’? has components only along the main 
diagonal. 


5. A “symmetrical matrix” is symmetrical with respect to the main 
diagonal line. 


1.19 
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For a symmetrical 2-matrix A 
A= A, 1.20 


6. A ‘‘skew-symmetric’”’ matrix has components with opposite signs 
on the two sides of the main diagonal. 


1.21 


7. Any matrix A may be divided into the sum of a symmetrical 
matrix B and a skew-symmetric matrix C. That is, A = B + C, where 


-A+A: ong ca S* 
2 2 
FORMS 


B 1.22 


(a) The product of two 1-matrices e and i as e-i (a 0-matrix) is 
called a ‘‘linear form.” If i represents the mesh currents of a network 
and e the impressed voltages, then e-i = P is the ‘“‘power input,” a 
linear form. 

The double product of a 1-matrix i and a 2-matrix L as i-L:i (a 
0-matrix) is called a ‘“‘quadratic form.’’ If i represent the mesh cur- 
rents and L the self and mutual inductances of a network, then (4) 
i-L-i represents the instantaneous stored magnetic energy in the 
system. 

(b) One property of quadratic forms should be mentioned 


pa P 
Lei =i ( - i 1.23 


That is, the 2-matrix of a quadratic form ts always symmetrical (or rather 
the skew-symmetric part of L, namely (L — L,)/2, multiplied by i 
twice always gives zero). 


PROPERTIES OF THE INVERSE MATRIX Z7 


1. Only a square matrix has an inverse. 

2. Z—' is also a square matrix. 

3. If Z isa symmetrical matrix, Z~? is also symmetrical. 
4. If Z is a diagonal matrix, then Z~! is also diagonal. 
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1.24 


5. The product 
Z-Z-'=I and Z!.Z=1 1.25 


Hence whether the inverse of a matrix has been correctly calculated 
can be easily checked by multiplying the inverse by the original in any 
order. The product must be the unit matrix. 

6. If the determinant of a square matrix is zero, then its inverse Z~! 
does not exist. 2-Matrices whose inverses do not exist (being rectangular 
or having zero determinant) are called ‘‘singular’’ matrices. 


ORDER OF MATRICES 


1. In general, the order of n-matrices cannot be disturbed. For 
instance 
. A-B+B-A or (A-i)-B # A-B-i 1.26 
Exceptions are: 
(a) If e andi are 1-matrices, then 


e-i = i-e 1.27 
(6) If A is a 2-matrix and iis a 1-matrix, then 
A-i = i-A; 1.28 


2. When three 2-matrices are to be multiplied together, as A-B-C, 
then the multiplication may be performed in any succession as: 

(a) First A-B, then (A-B)-C. 

(b) First B-C, then A-(B-C). 


But the order cannot be interchanged. That is, under (b), B-C should - 


not be multiplied by A in the wrong order (B-C)-A. 
3. If A, B, and C are 2-matrices, then 


(A-B-C), = C;°B,-A; 


(A-B-C)“! = C7!.B lat 


Note that the order is reversed. 
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MANIPULATION OF MATRIC EQUATIONS 


An equation in which each symbol is an ”-matrix is called a ‘‘matric 
equation.”” Each term in a matric equation has the same dimensions. 
For instance, 

1. Each term is a 0-matrix (a ‘‘form’’): 


(a) Equation of power, P = evi. 
(b) Equation of energy, T = 3i-L-i. 

2. Each term is a 1-matrix. 
(a) Equation of voltage, e = R-i + L-pi + (S/p)-i. 
(6) Equation of current, i = Y-e. 

3. Each term is a 2-matrix. 
(a) Short-circuit impedance, Z;} = Z; — Zg°Zz1+Z3. 
(6) Law of transformation, Z’ = C;°Z-C. 


In a matric equation, only a 2-matrix (or products of n-matrices forming 
a 2-matrix) can be transferred to the other side of the equation by multi- 
plying both sides by the inverse matrix. For example, let 


= Z1°i1 + Zo*ig 1.30 


To solve for ig, multiply each term by Z3!. (It is assumed that the 
inverse of Ze exists.) 
. Zz \-e = Zz) -Zy1-i, + Zz) -Zarig 


put Zz1.Z, =I and Teh =i, 
mene Zz)-e = Zz)-Zr-h + ip 
or 


ig = Z2'-[e = Z1°i;] 1.31 


Otherwise matric equations are manipulated in exactly the same manner 
as ordinary equations. Only the order of symbols should not be dis- 
turbed. 


EXERCISES 


EXERCISES 13 


C= 
Find: 
le+ i. 5. At 
2. evi. 6. A-B:. 
3. e-A. 7.071, 
4. e-A-i. 8. C7-C, 


9. Given two matric equations with two unknowns i; and ig 
@1 = Z1°i1 + Zoic 


@2 = Zgri, + Zarie 
Solve them for ii. 
10. Given three matric equations with three unknowns ij, ie, and is. 


Qe, = Zi +i; + Zo-ig + Zs-ig 
C2 = Z4eis + Zs-ie + Zeris 
e3 = Z7+i1 + Zg-ie + Zo-is 


Eliminate is from the third equation so as to leave only two equations with the two 
unknowns i, and ig. 


CHAPTER 2 


COMPOUND n-MATRICES* 


PARTITION OF MATRICES 


(a) Any n-matrix can be subdivided into several smaller parts, each 
part forming a similar 1-matrix. 


iy | ie 


‘ s|sfofr|s 


Matrices in which each element itself is a matrix are called ‘‘com- 
pound matrices.’’ They are added, multiplied, etc., as ordinary ma- 
trices with certain precautions. 

(6) In taking the transpose of a compound 2-matrix, the transpose of 
each element is also taken. 
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(c) When two n-matrices with a large number of rows and columns 
are to be multiplied, they are first divided into compound matrices and 
only the latter are multiplied together. Afterward the component ma- 
trices are multiplied as indicated. E.g., in the above example 

————> 


Zi | Zo iy Zirit + Zorie 
Zi = -[- = |-————_] = 2.3 
Z3 | Za ig Z3°31 + Zarig 


* T.A.N., Chapters 1X and X. 
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where 
—> 
6 
4 — 14 72 86 
e) = Zy*i1 + Zorie = — 7 pag) See be 
5 —| 32 56 838 
8 
——> 
E 
4 heel 
@2 = Z3+iy + Zg-ig = oe oom -17)) = = [10 
5 — _ 
8 16 


Hence 


Ziz=e=]| 86 | 88 | 68 | 10 | 16 


ELIMINATION OF PERMANENTLY SHORT-CIRCUITED MESHES* 


(a2) In engineering work rarely are as many equations written down 
as there are variables in the problem. For instance, in electrical net- 
work or machinery problems, the equations of permanently short- 
circuited meshes are left out and only the active mesh equations are 
handled. The question now arises how to eliminate superfluous varia- 
bles from a set of linear equations. (Or, speaking physically, how to 
eliminate certain meshes. These meshes may or may not contain im- 
pressed voltages.) 

Mathematically, the problem may also be formulated: How may a 
large number of variables be eliminated at one step from a set of linear 
equations instead of one variable being eliminated at a time? 

(b) Let the 2 linear equation, say e = Z-i, be divided into éwo sets of 
equations in any arbitrary manner. 


e] Zi | Ze i 


e = @; + €2 
i= i, + ig 2.4 
Zi + Zo + Zz + Z4 


N 
I 


* A.T.E.M., p. 16. 
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where @2 indicates the impressed voltages and i, the currents in the 
meshes to be eliminated. 

As shown in the previous example, the single equation e = Z-i may 
then be replaced by éwo equations 


@1 = Z1-i; + Zorig 2.5 
@g = Z3 +i, + Z4* io 2.6 


(c) Let ig be eliminated from the second equation. That is, let a set 
of variables be eliminated. The procedure is exactly the same as if two 
scalar equations were solved for the two unknowns. 


Z4*ig = @,—- Z3°i1 
ip = Zi) (e2— Z3°1,) 2.7 
Substituting ig into the first equation 
@; = Zy+i; + Ze-Zy"+ (es — Zsrit) 
@) = Zy+i, + Zo-Zz)+e2 — Zo°Zg!-Ze-iy 
@1 = Zo°Zq' +2 + (Z1 — Zo*Zz"+Zs) +i 
Therefore . 
@; — Zo-Zq) eg = (Zy — Ze°Zag)*Z5) iy 2.8 
This is an equation of the form e’ = Z’-i, but it contains less rows 
than the original set. The new Z’ of the reduced network is 


y Ay ey Poy Pasty 2 2.9 


(this may be called the ‘‘short-circuit’’ matrix) and its new impressed 


voltage is 


i, a Z’—}.e’ 2.11 


(d) Solving for i, 


That is, the set of currents i, is calculated by finding first the inverse 
of only one matrix Z, having less rows and columns than the original 
matrix, then after several multiplications the inverse of another matrix 
is found having as many rows and columns as Z}. 


SOLVING A SET OF LINEAR EQUATIONS IN TWO STEPS 17 


If i, is already known, the value of the eliminated currents ip is found 


from equation 2.7: 
ig = Zi'+(es =~ Z3°i) 2.12 


(e) In many cases e2 = 0 (that is, the eliminated meshes contain no 
impressed voltages). Then equations 2.11 and 2.12 are simplified to 


i; = Z’}-ey 2.13 
ig = —Zz!-Zg-iy 2.14 


(f) If the new set of equations e’ = Z’-iy contains several variables, 
it can again be subdivided into two sets of equations and the above 
process repeated. 


The calculation of inverse matrices is entirely avoided if one variable 
ata time is eliminated. This step is equivalent to the usual star-mesh 
transformation that eliminates the meshes one at a time.* 


SOLVING A SET OF LINEAR EQUATIONS IN TWO STEPS 


(a) Given five equations with five unknowns. 


10 = ig + 2% — 34, + 44a + Sey 


9 Ma t+ 4+ 3+ Sta -— tf 


8 = 34, + 4% + 54. + 2tg + Sey 2.15 


T= igt 2%, — 4, -— 3a 4+ Sty 
6 = Sig + t — 3te + 3tq + 24, 


If the five equations are written ase = Z-i, then 


e= 9 8 7 6 
Z= 2.16 
i=] t tp te ta tf 


* T.A.N., p. 261. 
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The problem is to solve for the five unknowns i. Three of the un- 
knowns 7,, iz, and 7; can be eliminated in one step by separating the 
first two from the last three components so that 


e = io | 9 as} s|7| « 
2.17 
ii =] 2% 7 
1 2 
Z, = -——|——_ 
2 4 
2.18 


(6) If the last three rows and columns are eliminated, the remaining 
matrix (having two rows and columns) is 


Zi = Zy = ZoeZe "Zs 2.19 


0.005 —0.0274 | —0.104 
0.0384 —0.104 0.203 2.20 
0.121 0.121 0.0384 


—0.415 | 0.272 


yy Fi See 
0.416 | —0.723 


5.6 0.2 


(Zg+Zq')+Zz 


3.847 | 0.885 
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—4.6 1.8 


Z! = Zy — Zo°Z,)+Z3 = 2.21 


—1.847 | 3.115 


(c) The new applied voltages are 


ie 


Since Z-Zz' was already calculated 


Zo+Z4 '+€9 —6.48 | 2.29 2.23 


a b 


e’ =e) — ZZ, '+ep =| 16.48 | 6.71 2.24 


(d) Hence, the remaining two equations with two unknowns are 


yee 
where 
—4.6 1.8 
e’ =| 16.48 | 6.71 Z) = |————__|__} ta 
—1.847 | 3.115 


which can be solved for i; as i; = Z'—}.e’. 
The eliminated currents are found by ig = Zy lie — Zs-i1). 


EXERCISES 


2.27 


2.28 
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2. Find Agy-A and A-A; with the aid of compound matrices if 


2.29 


2.30 


4. Given five equations with five unknowns, eliminate i*, it, and z in one step. 


2= 3% +4 —2° +64 — if 


0= 27° + 774 
—3= #— 4 ¢€ + i 2.31 
Oo= # + #& +314 


i= 3% — 42 + 2if 


CHAPTER 3 
TRANSFORMATION THEORY * 


The Primitive Network 


(a) Let the network of Fig. 3.1 be given having four coils and three 
meshes. (In going around a mesh, if two coils are connected 1-2, 1-2, 
then their fluxes are in the same direction; 
when connected as 1-2, 2-1, their fluxes oppose 
each other.) 

The impedance of each coil may be ex- 
pressed as R+ jX or as R+ Lp+ 1/pC or 
in other forms. The coils may be parts of a 
rotating machine or of a vacuum tube, etc. Fic. 3.1. Given network. 
- Here they are all called ‘‘coils.” 

The problem is to establish their equations of performance e = Z-i 
consisting of three linear equations. 

(b) The method of tensor analysis states: 


1. Don’t try to set up immediately the three matrices e, Z, and i 
of this network. 

2. First set up e, Z, and i of another network whose analysis is 
much simpler. 


This other network is found by removing all interconnections be- 
tween the coils and _ short-circuiting 
each, as shown in Fig. 3.2. This is 


eS 
209, 2b, rs vad odd, fff 2 called the “primitive network.” 
An impressed voltage eg in a branch 
@ S © ©) @J with zero impedance is also assumed 
eb e eq ef 


eg to have an impedance Zgg whose value, 

Fic. 3.2. The primitive network however, is zero. Similarly, a coil with 

of Fig. 3.1. impedance Zz» is also assumed to have 

an impressed voltage ep in series with it, 

whose value, however, is zero. (The arrows show which coils have 

mutual impedances and in which direction. It should be noted that 
Zvf and Z,q are zero.) 


* T.A.N., Chapter IV; A.T.E.M., Part II; G.E.R., May, 1935. 
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(c) For the primitive network e, Z, and i are established by simple 
inspection, as 


All zeros are left out. 

In order not to cause confusion, each row and column has an index 
alongside referring to a particular coil. This index may also be con- 
sidered a unit vector. 

The equation of performance of the primitive network is e = Z-i, 
representing as many linear equations as there are coils. If needed, the 
equations may be solved for the currents as i = Z~!-e. 


The Transformation Matrix 


The next problem is to establish some relation between the given 
network and the primitive network. 
1. Assume as many currents in the given networks as there are 


Fic. 3.3. New variables. Fic. 3.4. New currents in eek coil. 


meshes, Fig. 3.3. These currents may be assumed anywhere as long as 
they are independent of each other. 

2. Express the currents flowing in every coil in terms of these new 
currents with the aid of Kirchhoff’s laws (Fig. 3.4). 

3. If the primitive network, Fig. 3.2, is compared with this last net- 
work, Fig. 3.4, each coil now has two different expressions for the cur- 
rents flowing in it. 
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Equate the old expressions with the new expressions for each coil sepa- 
rately by inspecting the two diagrams. 


IncoilZ. i= «a — 7 = -—-@47 
Zo 2 = P-F+M= PH UF 
Zee 6g St = —i 3.2 
Za t= # = 4 
Zy wm Ff = + 7 


(For each coil the.current is written from 1 to 2.) 

4, This set of linear equations may be written (analogously to 
e = Z-i) asi = C-i’, where the components of C are found by taking 
the coefficients of the new currents 


3.3 


This C is called the “connection matrix’’ since it shows how the coils 
are connected together. Or C represents the relations between the 
currents (the old variables) of the primitive network and the currents 
(the new variables) of the given network. 


Equations of the Given Network 


The equation of the new network e’ = Z’-i’ contains exactly the 
same v-matrices in exactly the same order as the equation of the primi- 
tive network e = Z-i except that they now have different components. 

C being known, it is possible to find Z' and e’ of the given network 
from Z and e (i’ is known already) by the following formulas (proof to 
follow) 

Z’ = C;-Z-C 3.4 


e’ = C;-e 3.5 
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Performing the multiplications, the impedance matrix is 


—Zy 


Zaa + Ze + Zee + Zac —Zop — Zaa 
Zfo — Zu — Zaa — Lac Zyrt + Zaa + Zo — Zy 


Hence the equations of performance of the network, Fig. 1, are by 
e’ pam Z! i’ 

ea = Zyyi? + Zoot? + (—Zyp)t” 
ee = Lyi? + (Zaa + Zep + Zee + Zac)i? + (—Ze — Zaa)i” 3.9 


0 = (Zp — Zme)i? + (Zyp — Zoe — Zaa — Zac)? + (Zyp + Zaa + Zoe — Zyo)i? 


Solutions for Currents and Differences of Potential 


Once the equations e’ = Z’-i’ have been established, they may be 
subjected to all types of manipulations, usually involving compound 
matrices. For instance, some of the currents (or their corresponding 
meshes) may be permanently eliminated by Z’ = Z, — Zo-Zq)-Zz; 
or the conditions that the various impedances must satisfy in order that 
some of the,currents should remain constant irrespective of how the 
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loads vary may be investigated. The examples might be continued 
indefinitely. 
The equations can be solved for the currents as 


i’ = Z’"1-e’ = Y’-e’ 3.10 


by finding the inverse of Z’ and multiplying it by e’. 
Once the currents i’ have been found, then: 
1. The differences of potential e, existing across each coil are found 
by 
e, = Z-C:i’ 3.11 


where Z-C already has been calculated in finding Z’ by C;-Z-C. 
2. The currents i, flowing in each coil are found by 


i, = C-i’ 3.12 


* 


PERMANENCE OF THE METHOD OF REASONING 


Of course, in simple problems the ordinary method of analysis is 
faster than the method shown. The value of the method comes into 
increasing prominence when: 


1. The network becomes more complex. 

2. The number of mutual impedances increases. 

3. The mutual impedances are asymmetrical. 

4. In place of the usual self and mutual impedances, artificial types 
of constants are used, such as ‘‘bucking’’ impedances or ‘“‘positive-, 
negative-, and zero-sequence’’ impedances. 

5. In place of the actual currents hypothetical currents are used 
such as “symmetrical components” and ‘load currents.” 

6. The equation of performance is more complicated thane = Z-i. 

7. The reference axes are not stationary but move or rotate. 

8. The system is not a stationary network but a rotating machine. 

9. In place of circuit problems, field problems are analyzed. 

10. The system is not an electrical but a mechanical, optical, elas- 
tic, or some other system. 


In all such cases the steps shown remain unchanged, and they still give 
the correct answer automatically, as will be shown subsequently. With 
ordinary methods of analysis, for each different type of problem a new 
“trick” has to be invented, each of the tricks requiring sometimes years 
to learn (and days to forget). 

That is, the method of tensors in general does not save time in getting 
a numerical answer to a particular problem if the problem is attacked 


26 TRANSFORMATION THEORY 


by a specialist. It does save time, however, by avoiding the necessity 
of inventing a new trick for each new type of problem. 

Of course, as the complexity of the system increases, the above steps 
have to be correspondingly enlarged. But the given steps still remain the 
nucleus of the method of attack. 


EXERCISES 


1. Find C and Z’ of the networks of Fig. 3.5. 
2. Given the bridge network of Fig. 3.6 with mutuals between Zaq-Zy, and Zaa-Zyy. 
Find the currents and differences of potential in each coil. 


Fic. 3.5. Fia. 3.6. 


a b Cc 
Mipé Mop + Mspé 


ro + Lop Map + Mspé 
Mip te t+ Leb 


Fic. 3.7. Fie. 3.8. 


4. Find C and Z’ of the cube of impedances forming Fig. 3.8. What is the imped- 
ance between points A and B if each side of the cube is formed by a 1-ohm resistance? 


CHAPTER 4 


DIFFERENT TYPES OF TRANSFORMATIONS* 


Change of Variables 


The interconnection of coils is only one of an infinite variety of prob- 
lems which require the establishment of C, that is, which can be treated 


as a problem in ‘‘transformation of the variables 
i.” Another such problem occurs where the inter- 
connection of coils remains undisturbed but a new 
set of currents is introduced. (Other examples 
will follow.) 

Let it be assumed that, in Fig. 3.4 (shown 
again as Fig. 4.1), the currents 7”, 77, and 7” are 
replaced for some reason by another set of three 
currents 7”, 7”, and 7" as shown in Fig. 4.10. The 
problem now is to establish the corresponding C. 
With the aid of this C then the e’ and Z’ of the 
circuit of Fig. 4.1¢ can be changed to e’’ and Z’’ 
of Fig. 4.1¢ by the previous formulas. 

The steps are exactly the same as before except 
that now Fig. 4.1a forms the “primitive’’ network 
instead of Fig. 3.2. 

1. Express the currents flowing in each coil in 
terms of the new currents, as shown in Fig. 4.1c. 

2. Equate the old expression for current in 
Fig. 4.1a with the new expression in Fig. 4.1c. 


(a) Old variables. 


(b) New variables. 


(c) New currents in 
each coil. 


Fic. 4.1. Change of 
variables. 


However, since the ‘‘primitive’’ network, Fig. 4.1a, has only three 
variables, if is now sufficient to equate the expressions in three of the cotls 


only as 
= +47" + 7” 
qt = — iF — 4" 
{==-— 4k 


*T.A.N., Chapters V and VI. 
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The coefficients of the new currents form the transformation matrix 
C. The remaining work of finding e’’ and Z”’ is purely automatic. If, 
instead of actual branch currents, hypothetical mesh currents (flowing 
in a closed mesh) are assumed, the analysis is the same. 
Interconnection of Networks 


When a complex system consisting of, say, several rotating machines 
and networks is to be analyzed, it is not necessary to subdivide the 
whole system into individual coils. It is sufficient to subdivide it into 


(a) The primitive system. 


ITAL a 


Ww 


(6) Interconnected system. 


{c-{0-;f, jd 
(c) New currents in each coil. 


Fic. 4.2. Interconnection of networks. 


several component parts, each consisting of a rotating machine or a net- 
work, analyze each separately (if their Z has not yet been found), then 
interconnect them into the resultant system. 

In many cases the Z matrix of all or most component parts has already 
been calculated on previous occasions, and that work need not be repeated. 
It is this preservation of previous results for later use in new combina- 
tions that is one of the advantages of the tensorial method of attack. 

Let, for instance, the two networks of Fig. 4.2a be interconnected as 
shown in Fig. 4.26. 
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The Primitive System 


Before interconnection Z, e, and i of both systems have been calcu- 
lated previously as 


Zmn 
Znn 4.2 


where Zim * Zk: 

When the two networks are placed side by side as in Fig. 4.2a they 
form a ‘‘primitive system’ whose e, Z, and i matrices (analogously toa 
primitive system of two coils with no mutuals between them) are 


4.3 
Zz" 


= i’ i” 


(In the right-hand column the use of compound matrices is illus- 
trated. In terms of compound matrices, the analysis of the two net- 
works is analogous to that of two coils in series.) 
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The Transformation Matrix 


(a) The C matrix is established in exactly the same manner as pre- 
viously. 

1. Assume as many new currents in Fig. 4.26 as there are meshes, 
namely five, 1%, 7°, 7°, 7¢, and 7. 

2. Express the currents flowing in each coil in terms of these five cur- 
rents as shown in Fig. 4.2c. 

3. Equate the old expressions for currents in Fig. 4.2a with the new 
expressions in Fig. 4.2c. Since there are only six old currents in Fig. 
4.2a, only for their six coils are such equations set up. Hence 


a b ce dad ff 


r= —72 

a re: 

it = + if C; 

oe gate C= = S 4.4 
j= —7 4+ 4e 

fib ‘ + qf 


The coefficients of the new currents form the C matrix, and C;-Z-C 
gives the impedance matrix of the resultant network, etc. 

(b) The multiplication may be performed quickly if compound ma- 
trices are used. For instance 


Cee ZeC = | Cre | Cae = CypeZ’ Cy + CoeeZ’’+Co 


4.5 


= Cie’ + Coz-e” 
t 


The indicated multiplications and additions are now to be per- 
formed. 


EXERCISES 
1. Find C changing the variables from Fig. 4.3a to Fig. 4.30. 


2. Find C changing the actual branch currents of Fig, 4,4a to the hypothetical 
mesh currents of Fig. 4.40. 
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motor. 


(b) Scherbius 


machine. 
Pees i 
a 
1 1 
H 1 
' ( 
es 7a 
NAS EE 
‘ey lu 
; { 
! | 
( 
(c) Transformer. 
Fie. 4.5. 
Fic. 4.6. 


3. Find C interconnecting Figs. 4.3a, 4.30, and 4.4a into Fig. 4.5. 
4. Let the transient impedance tensors Z and impressed voltage vectors e of a 
repulsion motor, a Sherbius advancer, and a transformer of Fig. 4.6 be 


Ss a 


s M cos ap 
a | M(cos ap — sin af6) | 7 + Lrp 
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n+t+tlip| Miep 
Mip |re+Lep 


where p = d/dt, 1 = Heaviside unit function, and p@ = velocity of rotor. 

If the three systems are interconnected as shown in Fig. 4.7, what are its transient 
Z’ and e’? 

5. If the impedance tensor of the triade tube of Fig. 4.8 is* 


19 Pals 
i iy 
= Ae ae 
9 3 A p 
Fic. 4.7. Fic. 4.8. 


what is the Z’ of the degenerative feedback amplifier of Fig. 4.9? 


Fic. 4.9. 
* T.A.N., Chapter XV. 


CHAPTER 5 
REACTANCE CALCULATION OF ARMATURE WINDINGS* 


Types of Reactances 


An a-c. armature winding has several types of reactances such as 

1. Total air-gap reactance due to all the fluxes produced by the 
winding. 

2. Fundamental reactance due to sinusoidal part of the total flux. 

3. Differential-leakage reactance due to the difference of the above 
two fluxes. 

4. Harmonic reactance due to any of the space harmonic fluxes, such 
as third, fifth, eleventh, etc., harmonics. 

With standard methods the calculation of each of the above react- 
ances is time-consuming, and for irregular windings it is prohibitive. 
To find the fundamental reactance a Fourier analysis of the flux wave is 
required, for the total air-gap reactance a summation process, a differ- 
ent one for each type of winding, and so on. The tensorial method of 
attack makes a clean sweep of all these difficulties, no matter how irreg- 
ular the winding, as long as the air gap is assumed to be uniform. 


The Primitive Winding 

The steps are exactly the same as for any network: 

1. Remove all interconnections between the coils, leaving the “primi- 
tive’ winding consisting of a large number of isolated coils. Each coil 
may embrace any number of slots and may have any number of turns. 
The slots may be unevenly spaced. 

2. Calculate the self and mutual reactances of the individual coils by 
the formulas given in Table I. 

With standard windings, equidistant coils have the same mutual in- 
ductances; hence usually half the reactances repeat themselves. For 
instance, for a six-coil winding the reactances between winding 1 and 
the other five coils are shown in Fig. 5.1a. 

The reactances of winding 2 with the other windings are the same, 
except that they are shifted by one element, as shown in Fig. 5.10. 


*T.A.N., Chapter XII. 
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TABLE I 
MuTuaAL-REACTANCE FORMULAS OF Two ARBITRARY COILS 


TOTAL AIR-GAP REACTANCE 


COILS OUTSIDE 
Xagp* -kas onms 
Ly 


(2n- 958) 72 


COILS COUPLED 
Xap? -r[ae-n(atp-2 Y)]} ohms 


COILS INSIDE 


p pers = -k(ap-2np) onms 


SELF-REACTANCE 


Xag* -k (a?-2na) ohms 


SINUSOIDAL REACTANCES 
n-TH HARMONIC MUTUAL 


Xap= 8k Asin Basin$s cosny ohms 
n-TH HARMONIC SELF 


: 2 
Xaq= 8k 4, (sin3a)* ohms 


a,e = Span of coils in electrical 
radians 
Y= Radians between centers of 


Ke(2mf)0.2NgNgt £ 4 10-8 


Na.Ng=No. of turns in coils 
p=No. of 27 atong armature 
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Hence, the reactance matrix Z of the primitive network with six coils 
is 


5.1 


The manner of repetition of the first row should be noted. 

With a large number of coils, say 72, it is necessary to express Z as a 
compound matrix for easier manipulation. Even in terms of compound 
matrices the same paitern repeats. 


Sez 


Note the appearance of transposed matrices. 

(In calculating individual reactances, it is customary to assume the 
reactance of a single full-pitch coil as unity and express the reactance of 
all others in terms of that.) 


The Transformation Matrix 


Since the coils are practically always connected in series only (to 
form, say, three phases), there are as many new variables as there are 
windings. The C matrix can be established by simple inspection with- 
out writing down the set of current equations i = C-i’. For instance, 
for the capacitor motor winding with sixteen coils (Fig. 5.2) where the 
pitch of each coil is different, C is 


The reactance Z’ of the resultant winding is found by the formula 


Z’ = Cy-Z-C 5.3 
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Fic. 5.2. Capacitor motor winding and its connection matrix. 


giving the self and mutual reactances of the various windings. It 
should be calculated with the aid of compound matrices. 


Labor-Saving Devices 


Because of the simplicity of the connections, numerous labor-saving 
devices may be used. For instance: 

1. The resultant Z’ should be found in several steps instead of one, 
namely: (a) first interconnect only neighboring coils by C1; (b) then 
interconnect them into phases by Co; (c) in case of double windings, the 
phases may be interconnected in various manners. For them establish 
a separate C3. 

2. The neighboring coils may be interconnected without going 
through the process of C;-Z-C as follows. 

If Z is subdivided into compound matrices as suggested by the neigh- 
boring coils, then the new Z’ is found by simply adding up the elements 


mpi 


Fic. 5.3. Interconnect- 
ing neighboring coils 
only. 


of each compound matrix. For instance, in the case of eight coils, let 
two neighboring coils be interconnected as shown in Fig. 5.3. 


EXERCISES 37 
123 45 67 8 


After the neighboring coils only have been interconnected, the new 
Z’ has half the number of rows as before. The new components are 
found by adding all the elements within a block. Note that the pattern 
in Z’ still repeats. 

After this step, the coils may be interconnected into phases by a C. 


EXERCISES 


1, Find C for the double winding for a turboalternator with 42 coils, Fig. 5.4, and 
express it as a compound tensor. 


42 41 4039363736353433 3231 30292827 2625 2423 22 212019 18 17 16 151413 12 Ht hit 87654321 


Fie. 5.4. 


2. When the resultant Z’ of the above six windings are 
I i WIv V VI 
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find the self and mutual impedances if they are connected ‘three-phase through” as 
shown in Fig. 5.5. 


CHAPTER 6 
THE LAWS OF TRANSFORMATION* 


Definition of a ‘‘Tensor”’ 


(a) When a network with 2 meshes is given, instead of saying that 
the network has » currents, 7%, 7? :-- i”, and voltages, ég, €) °° €n; 
and n? impedances, Zag, Zab °° Zan, it is said that the network has only 
one current i, one voltage e, and one impedance Z, while the individual 
currents, voltages, and impedances are simply elements of the matrices 
i, e, and Z. 

Suppose that instead of one n-mesh network, there are a large number 
of n-mesh networks, each containing the same coils but interconnected 
in a different manner. With each network there is associated at least 
one i, e, and Z matrix (with each network there are actually associated 
a large number of i, e, and Z matrices, depending upon where the cur- 
rents are assumed to flow). 

Now instead of saying that there are as many current-matrices i’, 
i’’, i’’’ --- as there are networks, it is said that there exists only one 
phystcal entity, a current vector i, whose projections along the various 
reference frames are the various 1-matrices. 

(b) This figure of speech is analogous to the statement that the 
velocity vector v of a point is the 1-matrix 


along one reference frame, a different matrix 


wv’ =11.5 | 2.5 | 4.5 


along another frame. Even though the projections vary with the 
reference frame assumed, the entity v itself is unchanged. 

The key to this definition is the fact that it is possible to find the com- 
ponents of v (or i) in any reference frame from the components on another 
frame with the aid of a group of transformation matrices C by a definite 
formula. 


* T.A.N., Chapter VII. 
39 
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If the group of C is not available, the different m-matrices cannot be 
changed into each other, are independent from each other, and hence 
do not form the projections of a single physical entity. A similar state- 
ment applies to all e and Z matrices. 

Hence a collection of n-way matrices forms a physical entity, a “tensor 
of valence n’’ if with the aid of a group of transformation matrices C they 
can be changed into one another. 

(c) A “‘tensor of valence 1’’ like e and i (represented on each refer- 
ence frame by a 1-matrix) is called a ‘‘vector.”’ A ‘‘tensor of valence 0” 
like power (P) and energy (T) is called a ‘‘scalar.”” Tensors of other 
valence have no special names. Z is then a “‘tensor of valence 2,’’ the 
so-called ‘impedance tensor.” 

(d) A tensor is transformed with the aid of as many C (or C; or Cc 
or C;~') as its valence. Hence e and i require one C, Z requires two 
C’s, P requires no C’s. Because of this “chemical” property of a tensor 
of attracting a different number of C’s, the expression ‘‘tensor of 
valence n” originated. Many writers, though, still call it ‘‘tensor of 
rank n.”’ 

It is often said that a tensor is a matrix with a definite law of trans- 
formation. Actually a tensor is a physical entity, and its projections 
are the n-way matrices. A tensor differs from a matrix in the same 
manner as a vector of conventional vector analysis differs from a com- 
plex number 2 + 3). 


Why ‘‘Tensors’’? 


(a) The question now arises: Why is it necessary to say that the 
e, i, Z, etc., matrices of all systems with m coils are only different 
aspects of the physical entities e, i, Z? What is the advantage of this 
figure of speech from a practical point of view? 

When it is said that the matrices of a particular system are tensors, 
it automatically follows that all equations associated with this system are 
exactly the same in terms of tensors as the equations of a group of physically 
analogous systems. If the equation of voltage of one system has been 
found to be, say,e = R-i + L-pi + (1/pC)-i, then if the symbols are 
tensors, it automatically follows that the equations of voltage of every 
other physically analogous system is exactly the same. If the equation 
of torque of one system has been found to be f = i-G-i, then for every 
other analogous system the same equation of torque holds true auto- 
matically. (Of course, for every system the components of the tensors 
are different.) On the other hand, if the symbols in the equation of 
f =i-G-i are matrices (that is, if they have not been proved to be 
tensors), then this equation is not valid for any other system except for the 
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one for which it has been established and every particular system may 
have an entirely different equation of torque in terms of matrices. 

(6) What if the equations of a large number of different systems are 
identical in terms of tensors? Does that fact contribute to simplify the 
analysis of the large variety of engineering structures? 

Yes, it does; and it is just this resulting simplification that underlies 
the method of reasoning of this treatise. It is advocated here that: 

1. Since the equations in terms of tensors are the same for a large 
number of physically analogous systems, it seems logical that only one 
of them need be analyzed in detail. Hence select one system whose 
analysis is simple and establish all the tensors of this system (the “‘primi- 
tive’’ system) and the desired equation of performance in terms of 
tensors. 

2. To find the tensors of any particular system it is then only neces- 
sary to find the particular transformation matrix C (one aspect of the 
“transformation tensor’’ C) that differentiates the given system from 
the primitive system. 

3. Once C is found, the tensors of the given system can be estab- 
lished by routine laws of transformation. 

4. When the components of the tensors of the given system have 
been found, the sought equation of performance is a copy of that of the 
primitive system. 

(c) Of course it is possible to go through the above steps without 
mentioning the word ‘“‘tensor,’’ just talking about the ‘“‘Z matrix of 
the old system”’ and ‘‘Z matrix of the new system,” the “‘transforma- 
tion matrix C” and the “law of transformation of Z,” etc. Neverthe- 
less, the method of reasoning is that of tensor analysis, whether it is so 
stated or not. A matrix has no inherent law of transformation; a tensor 
has such a law. 

Behind the above reasoning looms the all-important question: What 
is meant by “physically analogous systems” that have the same equa- 
tions of performance? That is, what systems have a common C 
tensor? This question brings into the foreground the concept of group 
that was treated in ‘Tensor Analysis of Networks,” Chapter XI. 

(d) The above-mentioned problem of establishing equations of per- 
formance in a simple manner is only one of the numerous examples that 
show the utility of tensorial concepts. Since mathematical symbols 
cannot be measured by instruments, only physical entities, the ques- 
tion of what mathematical symbols in the equations do or do not cor- 
respond to measurable quantities underlies the foundations of all 
physical sciences. The word ‘‘tensor’’ is just another expression for 
“measurable physical entity,” and tensor analysis changes the symbols 
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of a lifeless mathematical equation into living entities. Its concepts 
and philosophy show, for instance, how to establish stationary equiva- 
lent networks that duplicate in some manner the performance of rotat- 
ing machinery, thereby allowing otherwise difficult measurements to 
be made conveniently on a stationary network. The general criterion 
of whether an equation contains only measurable concepts is implied in 
the basic principle of physics (the so-called first principle of relativity) 
stating that all laws of nature are tensor equations, that is, equations in 
which each symbol is a tensor. 


The Law of Transformation of e 


The law of transformation of the voltage vector e may be found from 
the physical fact that in going from one reference frame to another the 
instantaneous power input e-i (a linear form) remains unchanged, or 
“invariant.” That is 

P=P’' or e-i=e’-i’ 6.1 


This relation is the physical link that connects all networks together. 
Now let the currents change from i to i’ by 


i= Ci’ 6.2 
Substituting, Cnt Sen! 
e as 
Cancelling i e-C =e’ 
Hence 
e' = C;-e 6.3 


and 
ea ey 
e=(C-e 20-4 


It should be noted that, even though both e and i are vectors, they 
are transformed to a new reference frame in a different manner. But 


both being tensors of valence 1, they require C once only. “ 


The Law of Transformation of Z 


Tensor analysis requires that if the equation of a system in one refer- 
ence frame has the forme = Z-i it should have the same form in every 
other frame. This property will give the law of transformation of Z. 
In the old reference frame let 


e=Z-i 6.5 
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Express i and e along the new reference frame. That is, replace i by 
C-i’ and e by C;!-e’. 
Cyi-e’ = Z-C-i’ 


Multiplying both sides by C, 
e’ = C,-Z-C-i’ 


If the following definition is introduced as the law of transformation 


of Z 
30 


then the equation in the new reference frame becomes 


oe 


The equation of the new system is of the same form as that of the old 
system, equation 6.5. 

The inverse of Z, namely Z~*, may be denoted by a separate symbol 
Y so that i= Z~!-e = Y-e. It is called the ‘admittance tensor.” 
Its law of transformation is (derived analogously to that of Z) 


Y’ = C1. y.c7? 6.8 


The Transformation Tensor C 


The collection of all possible transformation matrices, called the 
“transformation tensor C,’’ is the key to tensor analysis. It is a tensor 
of valence 2. (Its law of transformation will be derived presently.) 
C represents the relation between the old and the new reference frames. 
Because of that fact C differs from Z in the respect that, while on both 
sides of Z the same reference axes are written (either both are the old 
or both the new axes), on the left-hand side of C are always written 
the old axes, on its upper part the new axes. 

When coils, beams, wheels, etc., are connected into an engineering 
structure, the constrained reference axes are ignored; hence in most 
problems C is not square, but rectangular. A study of the missing 
axes (the “dual” axes) is undertaken in J.A.N., Chapters XIV and 
XVI. 

When C is not square (or it is square but its determinant is zero), its 
inverse C~! cannot be found. Then C is singular and the corresponding 
transformation is called ‘singular’ transformation. All laws of trans- 
formation that do not require C~! remain valid, however. 
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The ‘‘Group” Property* 


If the variables have been changed from i to i’ by C,, then from i’ to 
i’’ by Co, then again from i’’ to i’’’ by Cz, etc., the successive transfor- 
mations may be performed in one step with the aid of one transfor- 


mation tensor 
Cc = C,-C2°C3 eee 6.9 
This important property of C is called the “group property.’’ Prac- 
tically all engineering problems consist of two or more successive 
transformations such as: 


1. Interconnect coils into a network by C,. 

2. Neglect magnetizing current by Co. 

3. Introduce symmetrical component by Cz. 
The Law of Transformation of C 

Let two reference frames be given, and let C} transform i! to i? as 
i} = C}-7? 6.10 

Now let two other reference frames be introduced, and let i! be changed 
to 8 by i! = C}-i3 (to that of system 3) and i? to i* by i? = Cj-i*. The 


question now is how to find C? changing i* to i*. 
Substitute i! and i? into equation 6.10. 


C3-i® = Cz-(Cz-i*) 
Multiplying both sides by the inverse of c3 
i8 = (C3)? -C2-Cq-i* 


Writing it as #® = C?-i* it follows that 


Ci = (C5): (C3) (CH) 6.11 


Hence, in transforming a C, two other C’s are needed (not one) and 
the inverse of one has to be known. 


The Number of Meshes in a Networkt 


A network may consist of several independent ‘‘subnetworks’’( S in 
number) with no physical connections between them. 


* T.A.N., Chapter XI. 
+ T.A.N., p. 72 and Chapters XIV-XVI. 
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A network consists of two component parts: (1) coils (C in number); 
(2) junctions (J in number). 

(Two junctions connected, where the two ends of a coil meet, by an 
impedanceless wire form only one junction.) 

The minimum number of closed circuits, or meshes (M in number), 


is found by the formula 
M=C-—(J-—S) 6.12 


In Fig. 6.1 there are: (1) two subnetworks; (2) seven coils; (3) four 


junctions. 


Fic. 6.1. 


Hence the number of meshes is 
M=7-(4-—2)=5 


The number J — S (number of junctions minus number of subnet- 
works) is an important concept called the number of ‘‘junction pairs” 
(P in number). In terms of them 


=o 


Number of coils = number of meshes + number of junction pairs 


CHAPTER 7 
EQUATIONS OF CONSTRAINT AS TRANSFORMATIONS 


Two Examples of Equations of Constraint 


Rarely are the changes from old to new currents stated in a clear-cut 
manner as i = C-i’. In many cases the distinction between the old 
and new currents (variables) is hidden and their separation is made by 
the creation of two physical systems (actually existing or hypothetical) 
to which the two sets of variables may be attributed. 

(a) A relation between currents (or the variables) is 
called an “‘equation of constraint.’’ For instance, Kirch- 
hoff’s first law (Fig. 7.1), ‘‘the sum of the currents enter- 
ing a junction is zero,”’ 


Fic. 7.1. M4+P4eteag 7.1 


represents such an equation since it puts a constraint upon the values 
that the currents may assume. 

If a network has ” junctions, the number of such equations (com- 
pletely representing the interconnections) is  — 1. 

That is, the manner of interconnection of a set of C coils into M meshes 
and J junctions may be represented in two different ways: (1) with the aid 
of the C equations of transformations i = C-i’ representing a transfor- 
mation from an unconstrained (the ‘‘primitive’) network to the given 
(constrained) network; (2) or with the aid of P ‘equations of con- 
straint’’ B-i = 0 between the branch currents of 
the given network, or between the currents of the 
unconstrained network. 

These two manners of expression are equivalent, tC 
and one can be changed into the other, as will be QL 00) 
shown presently. Fic. 7.2, 

(0) Another example, where an equation of con- 
straint B-i = 0 is set up between the currents of the unconstrained 
network, is a transformer network (Fig. 7.2) where it is customary to 
neglect the magnetizing current by assuming that the sum of the 
m.m.f.’s around the closed magnetic circuit is zero. 

Ngi* + nyt? + n,i° + ngi* = 0 7.2 
46 


 __ 
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(nq is the number of turns of coil a.) This is also an equation of con- 
straint between the currents of the unconstrained network. 

As many such equations may be written as there are closed magnetic 
circuits in the system. They also can be changed to the alternative 
form i = C-i’. This change is equivalent to the statement that i flows 
in the unconstrained network and i’ flows in 
a constrained network (which is not yet Wl (2) e (% hid 
known). # 

The problem now is how to express an (a) Primitive network. 
equation B-i = 0or B-i’ = Oasi = C-i’. 

The purpose of establishing a C ts to make it 
possible to transform the equation of the uncon- 
strained network, say e = Z-i, to that of the 
constrained network e' = Z’-i’ by the routine 
laws of tensor analysis. 


> ¢ @ ¥ 


1 


(6b) Interconnected 


Constraints as ‘‘Transformations” 


network. 
(a) Suppose that a primitive network of Fic. 7.3. 
five coils is given (Fig. 7.3a) having five inde- 
pendent currents, i*--- 74. Each current may assume any value it 


pleases, and the system is unconstrained. 

The effect of interconnecting the same coils into the network of Fig. 
7.3b is to prevent the currents in the coils from assuming any value 
they please. Kirchhoff’s first law introduces 4 — 1 = 3 constraints 
(where 4 is the number of junctions) between the branch currents, 
namely: 

The constraint of junction A is i” + 7” — i” =0 
6c cc 6c 6 B és _ 7" _ f’ = 0 7.3 
rT “ rz és Cc" qf’ _ qe’ _ rid = 0 


In terms of matrices these equations can be written as a matric equation 
B-i’ = 0, where 


7.4 


It should be expressly noted that in the primitive network unprimed 
currents flow, while in the interconnected network primed currents 
flow. 
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(6) The above equations state that the currents in the coils depend 
upon each other. Let their relations be stated in a slightly different 
form. Let each equation state that one of the currents depends upon the 
others, by carrying all but one of the currents to the right-hand side of 
each equation 


if = — 2 7.5 
ea Ma -P 3 


Altogether there are here three ‘‘dependent” currents i”, i”, and i”, 
each depending upon the other two only. The fact that the remaining 
two currents i” and 2°’ remain independent may be expressed by the 
two equations of independence ~ 


, , 
q% a q% 
7.6 
Br “b/ 
we a rh 


Hence, the actual five branch currents i”, 7°’, i’, i”, and if’ may be 
expressed in terms of the two independent branch currents i” and 7” by 
the equation ij = C’-ig. 


4% aa qo’ 


4’ = ae hal 


(c) The set of equations 7.7 represents a relation between all the cur- 
rents (dependent and independent) flowing in the individual coils and 
between the two independent currents. The C’ matrix has exactly the 
same form as when the left-hand currents represent another set of five 
independent currents i* --- if flowing in the five meshes of the primitive 
network of Fig. 7.3a (that is, in the unconstrained system). Hence 
when the primes are removed to the left-hand side to change i, = 
C’-ig into i = C-i’, an unconstrained primitive system is automatically 
introduced, whose equation of performance is easy to establish. 
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The difference between C and C’ should be noted. Although both 
have the same components, the left-hand indices in C’ are primed (re- 
ferring to the branches of the interconnected network) while in C they 
are unprimed (referring to the meshes of the primitive network). 

It should be noted that the primitive network with five meshes, the un- 
constrained system, possesses a set of five differential equations e = Zi 
with five independent variables, that are to be transformed with the aid 
of C to the two equations e’ = Z’:i’ of the constrained network. When, 
however, the five currents i” --- i” are considered branch currents and 
are partly dependent and partly independent, there cannot be associ- 
ated with them a set of five differential equations e = Z-i with five inde- 
pendent variables.* 


(d) Hence, in interconnecting individual coils into networks, the trans- 
formation i = C-i’ may also be looked upon as a relation iy = C’ig 
between the branch currents. It consists of two sets of equations: (1) the 
P equations of constraint B-i = 0 rearranged so that only independent 
currents occur on the right-hand side; (2) as many equations of inde- 
pendence as there are independent or ‘“‘new’’ variables (some of these 
independent variables may change signs, of course), namely M. 

When, however, not individual coils but whole networks are intercon- 
nected into larger networks, the above simple relation does not hold true 
and the C tensor cannot be said to represent a relation between the branch 
currents. 

Of course it is easier to establish C (representing the interconnection 
of coils) without the intermediary step of equations of constraint, but 
cases will be encountered (such as the method of symmetrical compo- 
nents) where the interconnection of coils should at first be represented 
in the form of equations of constraint instead of i = C-i’. 


Steps in Expressing B-i = Oasi = C-i’ 

Hence, aset of equations of constraint B-i = 0 may be expressed as 
i = C-i’ by the following steps: 

1. In each equation of constraint express one (any one) of the cur- 
rents in terms of the others (that is, carry one of the currents to the left- 
hand side, all the others to the right-hand side of the equation). This 


* It is shown in T.A.N., Chapter XVI, that, if the network is looked upon as an 
“orthogonal” network with an equation of performance e + E =z-(i+ D, then the 
currents in the coils of the primitive network 77-- -if are numerically equal to the 
currents 2 ---#" in the coils of the given network. That is, when the “dual” axes 
are also considered, then the branches do possess the same set of equations that the 
primitive system does. That set, however, is not e = z-i but e + E =z: (i+D. 
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step defines as many “dependent” currents as there are equations of 
constraint. 

2. By substitution, adjust the equation so that on the right-hand side 
only the independent currents occur. 

These two steps give as many equations of the needed i = C-i’ as 
there are equations of constraint available. Or rather, they still are 
the equations of constraint but rearranged in a more suitable form. 

3. Equate to themselves the independent currrens. This step gives 
the remaining equations of i = C-i’. 

4. If the primes are removed, the collection of the two sets of equa- 
tions (the rearranged equations of constraint and the equations of 
independence) is the required i = C-i’, setting up a relation between 
the equations of the unconstrained and the constrained system. 


Example of Changing B-i = 0 to i = C-i’ 
(a) For instance, in the case of two transformers (Fig. 7.4), let the 


equations of constraint B-i = 0 represent the assumption that the 
sum of the m.m.f.’s around each closed mag- 


=i? aeA° netic circuit (the so-called ‘‘magnetizing”’ cur- 
rents 7”) is zero. That is, let 
> ¥ “d °c “d +f n 7.8 
' Net + ng” + nyt’ = 1" = 0 
Fic. 7.4. 


1. There are five currents 7%, 2°, 7°, 77, and 
i’. Assume arbitrarily that 7” and 7° are dependent currents (hence 
7,17, and # are independent.) 


, Ny . 
4% a a gD 
Na 
7.9 
F Na. nf. 
e= ——jt_ 7 
Ne Ne 


2. There is no need to readjust the equations since on the right-hand 
side only the independent currents occur. 
3. Equating the independent currents to each other 


po = we jt = it ii =i 7.10 
4. By placing primes to the currents on the right-hand side, the five 


independent currents are changed to three dependent currents byi = 
C.i’. 
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a (nz / Ng)” a 
°b 2: <b? 

+. = 4 b 
v= ~ (na/n-)i” are (ns/n)i"" C=c 
it = al d 
if = ir’ f 


7.11 


(b) Putting primes to the currents on the right-hand side is equiva- 
lent to introducing a hypothetical network, the “constrained” network 
in which the independent currents i’ flow, just as in removing the 
primes from the currents on the left-hand side of equation 7.7 was 
equivalent to introducing a hypothetical network, the “unconstrained’”’ 
primitive network, in which i flows. The removal or addition of primes 
introduces a new set of variables and thereby it signifies the creation of a new 
network. 

The creation of two networks with primed and unprimed variables 1s 
equivalent to the creation of two sets of equations e = Z-iand e’ = Z'-i 
that may now be transformed into each other with the aid of C. 

(c) These new currents 7”, i”, and 7” are not equal to the actual 
currents flowing in coils Z,,, Zaz, and Zy; but are only approxima- 
tions to them. They are hypothetical currents, the so-called ‘‘load’’ 
currents. 

It is possible to say that: (1) Before neglecting the magnetizing cur- 
rents, the reference frame of the unconstrained system consists of the 
five meshes a, b, ¢, d, and f; (2) after neglecting the magnetizing cur- 
rent, the reference frame of the constrained system consists of three 
meshes only, b’, d’, and f’. 


Steps in Expressing i = C-i’ as B-i = 0 

(a) The reverse problem sometimes arises, to establish the equation 
of constraint B-i = 0 if i = C-i’ is known. In simple cases it is only 
a question of picking out and removing the ‘equations of independ- 
ence.’’ Hence: 

1. Denote the new currents, using the prime convention. 

2. Pick out the equations of independence such as 7” = WP =i”, 
etc. 

3, If one of the equations of independence has the form 7” = —7", 
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this necessitates multiplying every term in the column f' by —1. (This 
step reverses the direction of 7” to agree with 7°.) 

4. The remaining equations are the equations of constraint. If 
needed, they may be brought to the form B-i = Oor Bei’ = 0. 

(6) Expressed in another way, B is found from C as follows: | 

1. Rearrange C as a compound tensor 


I 
c =|——_- 7.12 
Cc’ 


(where I is the unit tensor) by writing first the equations of independ- 
ence. 
2. Subtract I, where I has as many rows as C has, so that 


B=C-—I[ 7.13 
I 
a 2 ee =B 7.14 
Cc’ 
Hence 
B=C’~-—I 7.15 


EXERCISES 


1, What are the equations of constraint B-i = 0 of Fig. 7.5? 
2. Change B-i = Otoi = Ci’, 


f21ete2t2ite2 
STATATTAT IN 


Fic. 7.5. Fic. 7.6. 


3. What is the equation of constraint of the five-winding transformer of F ig. 7.6? 
4. Set upi = C-i’ for Fig. 7.6 that neglects the magnetizing current. 


: CHAPTER 8 
UNBALANCED MULTIWINDING TRANSFORMERS* 


The Method of Analysis 


The analysis of multiwinding transformers differs in two respects 
from that of the circuits hitherto considered. 

1. Since the magnetizing current in each closed magnetic circuit may 
be neglected, the number of new variables i’ in such cases is Jess than 
the number of meshes by as many as there are closed magnetic circuits. 
That is, the actual mesh network is replaced by a hypothetical network 
with fewer meshes. 

2. In place of the large number of usual self and mutual reactances, 

“hypothetical “‘bucking”’ reactances are generally used, whose number 
is less. That is, the actual coils are replaced by hypothetical coils pos- 
sessing different types of self and mutual inductances. 

3. In balanced three-phase systems the number of variables may be 
reduced to a third of those in the unbalanced case. 


Successive Transformations C,-C, 


The analysis automatically divides into two steps. 
1. The step of interconnecting the coils is represented by Cy. That 
is, first establish i = C,-i’. 
2. The step of neglecting the magnetizing current is represented by 
Cz. That is, establish i’ = Co-i’’. 
Their product 
C= C,-C, 8.1 


performs the two analytical operations in one step, changing i to i’’ 
by i = C-i’’, so that Z’ = C,-Z-C, etc., gives the final results. 
’ g 


The Steps to Establish C. 


In establishing C2 (after C; has already been found), the following 
steps are performed. 

1. Set up the equations of constraint B-i = 0 of the magnetic circuit 
before the coils are interconnected, since in that case the equations are 
easily written. 


*T.A.N., p. 280. 
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2. Replace in these equations with the aid of the already established 
i = C,-i’ the currents of the primitive network with the currents of the 
actual network by simple substitution or by B’ = B-C. This step 
gives the equations of constraint B’-i’ = 0 in terms of the currents of 
the actual network. 

3. Express these equations of constraint as i’ = C2-i’’ by the standard 
steps, giving Co. 


Example of a Load-Ratio Control System 


As an example, let the C of Fig. 8.15 be established (a load-ratio con- 
trol system with regulating unit) where one three-winding and two two- 


(a) Primitive system. (b) Interconnected system. 


Fic. 8.1. Load-ratio control. 


winding transformers, also a load, are interconnected into a four-mesh 
network. 

Its primitive network, shown in Fig. 8.10, has eight meshes and eight 
currents i* --- 7*; the given network has four meshes and four inde- 
pendent currents i”, 7”, 7, i”. 

1. Equating the old currents and new currents flowing in each coil, 
the equations i = C,-i’ are 


a 
*b _ *b/ 
+= 4 b 
c= iv’ é 
f@= —7i d 
; C; = 8.2 

rt = an 4" 
g = qo’ ies 4 

« h 
= al 


* 
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The coefficients of the new currents give C; that changes ezght variables 
into four variables. 

If the magnetizing currents are not to be neglected, then C,;-Z-C, 
would give Z’, and so on. 

2. Neglecting the magnetizing currents of the three transformers 
before the coils are interconnected (Fig. 8.1a), the three equations of 
constraint B-i are in terms of i (in terms of five old currents). 


Nit + ny? +n, = 0 
ngi? + nyif = 0 8.3 
ngt® + nyi* = 0 


3. Replacing the old currents by the new currents with the aid of 
equation 8.2 (that is, replacing 7? by —7”, etc.) or by B-C, = B’, the 
three equations of constraint B’-i’ = 0 in terms of i’ (in terms of four 
new currents) are 
Nit + ny” + ni” = 0 


— ng” — ni’ =0 8.4 


4. Three of the currents, say i”, 7°’, and i” 


terms of the remaining fourth current 7” as 


ae , may be expressed in 


‘ Ns, Ne. 

i? = ae gh = eae! 
Na Na 

pb? Nf wo 

= —— 7 8.5 
Na 

, Nh. 

4“ — a ge 
Ng 


Or adjusting the right-hand side so that it should contain only 7” (by 
replacing 7” and 7” on the right-hand side by their values from the 
second and third equations) 


“Ah Ny Nf Ny, Ne\. “d! 
ae (MEY Me) 2 ys 
Na Nd Ng Na 


a 
| 


hf ne nn . -q? 

Re ag = Nei? 8.6 
ditg 

) Mh. 2 

qe = — iv = Nazi?’ 


Ng 
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Now three of the currents are expressed in terms of the fourth cur- 
rent. 

5. Equating the remaining current 7 with itself, the three equations 
of constraint, equation 8.6, may be expressed as a transformation i’ = 
C,-i’’ between the actual network with currents i’ and a hypothetical 
network with currents i’’ 


iv’ = Nyt” 

a = Nei?" 

i! = Nei?” C, = 8.7 
rr 


C. changes four variables into one variable. Hence, the effect of 
neglecting magnetizing currents is to reduce the number of variables 
by as many as there are closed magnetic circuits. 

6. The product of C; and Cz is 


b 
Mi c 
Ne d 
‘ ae = 
1 g 


yr CU 


C changes eight variables into one variable. 

If Z of the primitive network (Fig. 8.1a) is given in terms of actual re- 
actances, also e, then Z’ = C;+Z-C, e’ = C;-e, i’ = Z’—1-e. The cur- 
rents in the individual coils are i, = C-i’ and differences of potentials 
e. = Z-C-i’. The load losses (not including the exciting loss) are the 
real part of i’*-e’ = i’*-Z’-i’ or the real part of if -Z-i,. (See equation 
9.1.) In place of actual reactances, however, it is customary to use a 
new type of reactance, the so-called bucking reactance. 
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Bucking Reactance 
(a) Let Z of a two-winding transformer be 
1 2 
Z te fee 
11Zu | Ze 11 = 11711 : 
= where Zo2 = 9292 
2] Za | Zee 


Z12 = M1N2212 


If the magnetizing current is neglected, then 


8.9 


and 


Z' 


where 
ny 


2 
’ nN 
21-2 = (“) Zoo — 2Z12 = + Z11 = mym1(211 — 2212 + 22) 8.10 
2 2 S 


It should be noted that the original Z contains four different con- 
stants, while Z’ contains only one, namely Z}_». 

(b) The question arises: Instead of using four constants in the 
original Z, may it not be possible to use the single constant Zj_» as the 
component of Z, so that after the elimination of the magnetizing current 
Z’ still has the same form as before? | 

By trial and error it is found that if Z is written as 


8.11 


in that case Z’ = Cz-Z°C = Zj_. 
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The impedance 
1 
Zi-2 = — tn 21-2 = — 3 mima(za1 — 2212 + 209) 8.12 


is to be called the “unreferred bucking impedance” since it is not 
referred to any reference winding. In general, 


29-3 = — ~—— Zo_3 8.13 


if a third winding is the reference winding in defining Z5_3. 

(c) In the primitive three-winding transformer it is again found that 
if the unreferred bucking impedances are arranged in the form of a 
matrix with zero diagonals, as 


1 Z1-2 | Zi-3 
Z= 0 22-3 8.14 
3 | Zi-8 | Zo-s 0 


then the same answer is found after the magnetizing current is elimi- 
nated as when the usual self and mutual impedances are used. 

(d) This process of replacing actual impedances by bucking imped- 
ances is equivalent to introducing hypothetical coils whose self-imped- 
ance is zero, but whose mutual impedances are the unreferred bucking 
impedances. 

Ihe method of establishing C, and Cz and the calculation of currents, 
etc., remain unchanged whether ‘‘actual’’ or ‘‘unreferred bucking’ imped- 
ances are used. 


Transformation to Change Z;_» to Z,_»2 


(2) In multiwinding transformers usually the bucking impedances 
Zn—m referred to a particular winding are known. In that case, in Z 
of the primitive transformer, the given Z;,_ may be still arranged as 
the Zn_m 


1 Zi-2 | Zi-s 


Zo=24Zi-2| O | Zo-3 8.15 


3 | Z1-3 | Zo-s 0 
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but then a transformation tensor Co has to be established that changes 
the referred to unreferred bucking impedances. This Co has the form 
(when winding 1 is the reference winding) 


8.16 


so that Coz-Zo-Co represents a Z containing only Zz_m, namely, equa- 
tion 8.14. 
(b) Instead of establishing first Coz+Zo+Co, it is possible to start with 
Zo, then employ 
Cc = CoC Co 8.17 
to find Z’ where: 


1. Co changes the referred to unreferred bucking impedances (that 
is, it changes Zo to Z). 

2. C, interconnects coils. 

3. Co neglects magnetizing currents. 


Z’ = C;-Zo:C gives the so-called load mutual impedances expressed in 
terms of bucking impedances. 

(c) In finding e’ = C;-e of the transformation, C is still defined as 
C = C,-Cz since Cy is used only to bring Z to its correct form. 

(d) The load losses may be found by e’*+i’ or by i¥+Z-i,. Not only 
the currents but also the losses are the same whether standard self and 
mutual impedances or bucking impedances are used in Z of the primi- 
tive system. 

(e) When the coils of a multiwinding transformer are not intercon- 
nected, C, becomes a unit tensor. The above formulas without any 
change give the ‘‘load mutual impedances,” etc., of the transformer. 

(f) In practical work the leakage impedances Zi-k are given in ‘per 
unit.” In that case all windings are assumed to have the same number of 
turns (n, = nz = nz = 1) and Co degenerates into a scalar — 4. 


Short-Circuit Calculation of a Four-Winding Transformer* 


Find the currents in a four-winding transformer when the second 
winding is short-circuited and the voltages on the other windings are 


*Blume, Transformer Engineering, John Wiley & Sons. 
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maintained. The per unit unreferred bucking reactances of the four 
coils are given as 


1 2 3 4 
Zi-2 = Zo-1 = 3.95 per cent 1 0.0395 | 0.133] 0.23 
Zi-3 = Z3_1 = 13.3 per cent ; 2 | 0.0395 0.106] 0.19 
= S| | | 


370.133 | 0.106 0.087 
41/0.23 |0.19 |0.087 8.18 


Z1-4 = Z4-1 = 23 per cent 
Zo_3 = Z3-2 = 10.6 per cent 
Zo4 = Z4_9 = 19 per cent 


Z3-4 = Z4_3 = 8.7 percent 


1 
2 
Co = — $; Ci =I; Cg = 

3 
4 


1’ 0.23 | 0.19 | 0.092 
e’ = (Ci-Ce2);-e = 2’ 0.19 | 0.19 | 0.085 | 8.20 
3’ 0.092 | 0.085 | 0.087 


1’ 
i’ = Y’-e’ = 2’ 


8.21 
3’ 


From i, = C-i’, 7* = 1.02. 


Load-Ratio Control System 


If in the load-ratio control system, Fig. 8.1a, Z is given in terms of 
unreferred bucking impedances, then 
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a b c d f g h k 


8.22 


Because of the smaller number of constants (six instead of thirteen) and 
the greater number of zero terms, the calculation and the results are 
simpler. 

C is given in equation 8-8. 


C;-Z-C = Z’ = d"”’ 2Za—pN Neo + 2Za—Ni + 2Zp—cNe 


+ 2Za_yN2N3 + 2Zg_nN3 + Zrk 


d’”’ dad’ 


pe Ghee it = Ze = os Z 8.23 


The currents flowing in each coil are 


The differences of potential appearing across each of the eight coils is 
Z -C-i’ =e c= 


a b c d f g h k 


(Za—vNe (Za_oMi (Za—cN1 : 
+ Za<)| + Zo) | + Zs—c) |—Za-gNoi?”’|—Za_pNot?”"| Zpni*” Zen Ng?) Zuni?” 
ie” qa” 


«gt? 
ie 
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TABLE II 


UNBALANCED TRANSFORMER CONNECTIONS AND THEIR 
TRANSFORMATION MATRICES 


First column—Cy, shows interconnection of coils. 


Second column—C2 neglects magnetizing currents. 


Third column—C represents their resultant. 


Nye a2. iy = —2ng 5 
V'ngeng! 2 "ns(0;#N2) », rst | 
or 


SCOTT CONNECTION 34$-+20 


N2=(n2nge-ngns)/D 
Nge(n3ns-ny Ng} /0 


2' 3' 4' 5° 6 


PMs | Nat Nel Ne] 
a) A Ne Re ines e? i 
eL Tt Ut] Jager 


ny he 
ay 0S? nyt Ne Be 


DOUBLE-SCOTT CONNECTION 29—e36 


WOUO DONO 00 


E 
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EXERCISES 


1. Find Cy, Ce, and C for the forked auto-transformer of Fig. 8.2. 
2. Find its Z’ in terms of bucking impedances Z,-», etc. 
3. With an impressed voltage as shown, what are the differences of potentials 


Fie. 8.2. Fic. 8.3. 


appearing across each coil of the forked auto-transformer? 

4, Find Ci, Ce, and C for the two tee-tee connected single-phase transformers supply- 
ing an unbalanced three-phase load, as shown in Fig. 8.3. 

5. Check Ci, Ce, and C and find Z, i, and e, of the transformers shown in Table II. 


CHAPTER 9 
THE METHOD OF SYMMETRICAL COMPONENTS * 


Conjugate Tensors 


The method of symmetrical components introduces a group of trans- 
formations C whose components contain complex numbers. For that 
case the rules of tensor analysis assume a more general form. 

(z) The conjugate of a complex number A = a + jb is a — 7b and 
is denoted by an asterisk as A*. 

The conjugate of an m-matrix Z is denoted by Z* and is found by 
taking the conjugate of each of its elements. 


The conjugate of a tensor of valence 2 A is A*, and it is found by 
taking the conjugate of its 2-matrices in every reference frame. 
(6) The following three rules should be noted 


1. (A) *=A 
2. (A-B)* = A*-B* 9.2 
3. (A7)* = (A*)7 


(c) When the components of the vectors e and i are complex num- 
bers, then the power is not e-i but 


P = e*+i 9.3 
Similarly a quadratic form is defined as 
P = i*-Z-i 9.4 


(d) When the components of the transformation tensor C contain 
complex numbers (as in the method of symmetrical components), then 


* T.A.N., Chapter XIII. 
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the laws of transformation of tensors differ in some respects from those 
given previously. In particular: 

Whenever C; occurs in the law of transformation, it should be replaced 
by C;*. Hence 


9.6 


(Their proof is analogous to the previous laws except that e-i is replaced 
by e*-i.) 

When C contains complex components, then “‘tensors’” are often 
called ‘‘spinors,”’ also “‘hermitian tensors.” 


The Hypothetical Reference Frame of Fortescue* 2a 


(a) Let three equal, symmetrically spaced and iso- wjtelye 
lated coils (a primitive system with three coils) be given 2 


e . ; *e 
with two (not three) different mutual impedances be- 7, @-\"7,, 
tween them (Fig. 9.1) such as occur in balanced induc- au 2 ; 


tion and synchronous machines. 


To find the inverse of Z, a determinant with three rows and columns 
has to be solved. 

(b) Fortescue suggested replacing the three actual currents 7%, 7°, and 
1° of the primitive system by three hypothetical currents 4°, i, and 7” 
(zero-, positive-, and negative-sequence currents) with the formulai = 


C-i’. 
a A 0 o1 °2 
4 . @ +4 + 4°) 


v (1° + a2! + ai?) 9.7 


= (49 + ai! + a7?) 


* G.E.R., May, 1935; T.A.N., Chapters XIII, XIX, and XX. 
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where 
a= — $+ 0.866 = «71 9.8 
a? = — } — 70.866 = «7120 
Det of C = @ — a?) /4/3 
Also 
it+ta+a?=0 
Ci = 9.9 


a=1;at=a 


a* = a7; (a”)* =a 


(The factor 1/+/3 is introduced here to express the power in sym- 
metrical components also by e*-i instead of by 3e*-i, as is usually 
done.) 

(c) In the new hypothetical reference frame Z’ = C*-Z-C 


0 1 2 


OF Z2+X%,4+ Xe 
Z’=4]1 Z + a?®X;, + aXe 
2 Z+ aX, + a®Xo 


Hence in the new reference frame the three coils have no mutual imped- 
ances (their self-impedances are called zero-, positive-, and negative- 
sequence impedances), also Z’ has only diagonal components, so that in 
finding Z~! no determinant has to be solved. 

(¢) Expressed in another way, the method of symmetrical compo- 
nents replaces the actual coils of a network by hypothetical coils whose 
Z has several (and if possible only) diagonal components. Then the 
inverse calculation is simpler. 

In addition to changing the coils of a network, the method of sym- 
metrical components also replaces the actual given network by a 
hypothetical sequence network that in general ‘contains several inde- 
pendent subnetworks having no mutual impedance between them. As a 
result the inverse calculation of Z’ is simpler. 

To find Z’ of this hypothetical network is the purpose of the present 
study. 
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(e) In two-phase problems, Fortescue’s transformations become (for 
the primitive system with two coils) 


m= 3G +7) 


°b 


9.11 
P= 4j@ — #) 


There are no zero-sequence quantities. 


The Four Networks Associated with Every Problem 
(a) Let any three-phase network be given (Fig. 9.20). 


| 
' 
1 
1 
| 
| 
1 
1 
! 
I 
| 
L 


b) Given actual network d) Sequence network to be found 


Fic. 9.2. The four basic reference frames of the method of symmetrical components. 


When symmetrical components are to be used, four different networks 
and four different reference frames appear in the analysis in place of two 
(Fig. 9.2). 


1. The primitive network of the given system having C coils and 
C meshes. It is always divided into several groups, each containing 
three coils (or one coil). 

2. The given system with 1 meshes. 


In both of these actual networks only actual currents flow. 


3. The primitive network of the hypothetical sequence network 
also having C coils and C meshes in groups of three (or one) (the same 
number of groups as in the actual primitive system). 


68 THE METHOD OF SYMMETRICAL COMPONENTS 


4. The hypothetical sequence network having the same number. of 
meshes and coils as the given network, but a different number of sub- 
networks. This network, however, is unknown at the beginning of 
the analysis. 


(0) In addition to the four basic networks, in which either all actual 
coils or all sequence coils appear, there are also two mixed networks con- 
taining both types of coils. That is, both the primitive and the inter- 
connected networks may contain both types of coils. 

Considering the mixed primitive system, in the actual coils only 
actual currents flow; in the sequence coils, only sequence currents. 

(c) There is now a large variety of ways in which the problem may 
be stated. For instance: 

1. The self and mutual impedances (or impressed voltages) either 
in the primitive actual network 1 or in the sequence network 3 or 
partly in one, partly in the other, may be given. 

2. The currents and voltages either of the given actual network 3 
or of the sequence network 4 or both are wanted. 


(d) It is possible to establish a C between any two of the four net- 
works. In particular: 

1. The C between the two actual networks 1 and 2 (that is, C3) is 
the usual C hitherto developed involving the constraints of Kirchhoff. 

2. Fortescue’s C, given in equation 9.7, the so-called sequence tensor, 
represents the transformation only between the two primitive networks 1 
and 3, namely, C3, and even there it transforms only corresponding 
groups. For each group of three coils an additional C, has to be used. 

3. The main problem to be investigated presently is to find C changing 
network 3 to 4, uf the usual C changing network 1 to 2 is known. 


Given Sequence Quantities, Find Actual Currents 

In many special problems Z and e of network 3 are given and e and i 
of only network 2 are to be found. The steps are obvious. 

1. Change Z and e from 3 to 1 by the sequence tensor C,. 

2. From then on the analysis follows the same as usual. 

The only difference now is that the components of Z and e of 1 con- 
tain sequence impedances (and voltages) instead of the conventional 
actual impedances. 

Quite often the design constants are given in both 1 and 3. That is, 
a “mixed” primitive system only is given. Usually the rotating ma- 
chines are given along 3 and the stationary coils (the fault impedances) 
in 1. Under such conditions change Z of only the rotating machines by 
C, from 3 to 1. From then on the analysis is as usual. 
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Example. For instance, let a generator be connected to a load as 
shown in Fig. 9.3a. The primitive system is known only as shown in 
Fig. 9.3b. That is: 

1. The generator constants are given along the sequence axes 


0 1 2 
ey = ey 9.12 
ro777 eee 
| <0 ! ! ga | 
‘LJ; ia 
Re ee ee 
! | | | { \ 
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Zo | Lous Zec ects 
CC 
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(a) Given system. (0) Mixed primitive. (c) Actual primitive. 


Fic. 9.3. Generator connected to a load. 


2. The network constant is given along the actual axes 


~el 2 | we] 0 | 9.13 


The first step is to change the sequence part of the primitive network 
of Fig. 9.3b to an actual primitive network, Fig. 9.3c, by C,, equation 
9.7. Hence by C;*-Z,-C and Ce 


a b 


ae; 


tA 
e1 = — =] e1 | ae1 
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Now both groups of coils are reduced to the actual reference axes, 
and the analysis follows the usual steps. Assuming two independent 


currents in Fig. 9.3a, 


w7w%=0 
eo = 7 

C= 9.15 
ao = —4' — 58 
ge = ae" 

By C7'+(Zi + Zz)-C, and Ci*-(e1 + e2). 
b’ g’ 
oa Z1 + Z2 [Z1(1 — a) + Z2(1 — a?)]/3 
[Zi(1 — a”) + Zo(1 — a)|/3 |} (Zo + Z1 + Zz + 3Z,)/3 
9.16 


Given Sequence Quantities, Find Sequence Currents 

(a) Since in many problems Z of network 4 is simpler than Z of 2 
(its inverse is easier to find), it is advantageous to find first the currents 
of 4, then change them to those of 2 (the actually existing currents). 
Also, since network 4 is simpler than 2 (containing more subnetworks), 
it is easier to use it on the a-c. network analyzer. Hence the establish- 
ment of network 4 is important. 

(6) That is, the problem is as follows: 


Given: networks 1, 2, and 3 (or their Z and e). 
Find: network 4 (or its Z’ and e’). 


Or stated in another way: 


Given: C} changing network 1 to 2. 
Find: C? changing network 3 to 4. 


The difficulty of this step is that the law of transformation for C 
(equation 6.11) cannot be used since here only one of the needed C’s is 
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available (from 1 to 3, namely, the sequence tensor). The other C 
(from 2 to 4) is not yet available, as network 4 is unknown. 


Steps in Changing C} to C2 
(2) Even though the law of transformation of C} cannot be used, 


still C? can be found by the following steps: 
1. Let C3 be rearranged as a compound tensor 


C2 = 9.17 


2. Let Fortescue’s transformation C, (containing as many of equa- 
tion 9.7 as there are groups of three coils) also be expressed as a com- 
pound tensor 


9.18 


The sequence axes (written on top of C,) have to be arranged in the 
same order as the real axes in Cj. That is, first the independent (the 
‘‘new’’) sequence axes are written, then the rest that are to be elimi- 
nated. 

3. The destred transformation tensor of the sequence network is found by 
(proof to follow) 


I 


pO 9.19 
—(C'-C2 — C4)“ (C-C1 — Cs) 


It is necessary to calculate the inverse of a matrix having as many 
rows as there are equations of constraint. 

(b) Since the inverse calculation of C, is simple, the above equation 
may also be written as 


9.20 


—(Cz!-C’-Ce — I! Cz}. (C’- C1 — Cs) 


In many cases the use of this formula requires fewer calculations. 
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(c) Once C from network 3 to 4 has been found, then Z and e of 
network 4 are found from those of 3 by the usual formulas. Also the 
sequence network 4 (containing sequence coils) may be established from 
C? by inspection. 

The sequence network 4 containing the real coils may be established 
(using Z and e of network 1) by finding C}. Once C2 is known, then 


the former is found by 
Ci = C3-C3 9.21 


where C3 is the Fortescue’s tensor C, shown in equation 9.18. 
(d) When the hypothetical i* have been found, then the actual cur- 
rents i) flowing in each actual coil are found by 


i} = C}.i4 9.22 


Proof of the Formula Changing Ci to C3 


It was shown in equation 7.13 that, if the unit tensor i is subtracted 
from C}, the resultant B multiplied by i gives the equations of con- 
straint B-i = 0, where 


Now if i is replaced by C,-i’, the equations of constraint B’-i’ = 0 
of the sequence network are found, where 


B’-i’ = Bai? + By-i? 
Expressing now the dependent currents in terms of the independents 
i? = —B;*-By-i? = —(C’-Cy — Cy)—!-(C’-C, — Cs)-i? 9.23 
giving the lower part of Ci. 


Changing Reference Frames of Faults 


(a) In fault studies there are a few standardized types of impedances 
whose Z has to be changed from network 1 to 3 with the aid of C,. 
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To save the repetition of transformation, Table III lists the Z of fre- 
quent impedance combinations for both reference frames. All are 
special cases of the first set, by making some of the Z’s zero. (Similar 
tables are shown in 7.A.N., Chapters XIX-XX, for other standard 
three-phase networks.) 

(6) A ground coil may have special treatment. To avoid the use of 
three-rowed matrices, a ground coil is considered to have only a zero- 
sequence impedance as shown at the end of Table ITI. 

Also an actual ground current 7° is transformed into a zero-sequence 
current by the following transformation: 


0 0 
#2 =+/3% or ena] va] -seel * | 9.24 


The reason is that the ground carries the sum of the three currents 


f= 24+ P44 


= a [(7° + qi + a) + (° + ait abe ai”) ue (i? ua Sl + a?i2)] 


= 3P/V3 = V3? 
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t —| ! t {bl . —-~j9" 
t | i y 
ee et ee 
I mic) | eel Lo q 
8 ! | | 
\ | | 
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(a) Given system. (b) Primitive system. 


Fic. 9.4. Double line-to-ground short circuit. 


Changing A ‘‘Mixed” Primitive to a Primitive Sequence Network 


Let the network of Fig. 9.4a (a double line-to-ground short circuit) be 
analyzed whose design constants are given in the form of the mixed 
primitive of Fig. 9.5a. 
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(a) Given impedances of mixed (b) Changed to impedances of se- 

primitive network. quence primitive 3. 


Fic. 9.5. Known impedances. 


The first step is to change the mixed primitive into the sequence 
primitive by changing Z, with the aid of Table III. Hence Z and e 
of the primitive sequence (Fig. 9.55) are 


0’ 1’ 2° 0” 5 Reg 2” o’”’ 


9.26 


Qo’ 


Note that 4 is factored out. 
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Changing C} into C? 
C of Fig. 9.4, changing network 1 to 2 (showing the manner of inter- 
connection of coils), is 


b’ ce’ 

i” =0 

a 4 
ew =% 

, onl 
4° —_ 7 ha 

eqit _ 
“ =0 9.27 
hill ‘ 
ie 
qc” = 4c 


qe" = 4" + 1c 


Two of the equations (second and third) are the equations of inde- 
pendence; hence the remaining five are the equations of constraint. 
1. Rearranging 


9.28 


2. Fortescue’s transformation is, by equations 9.7 and 9.24, 
1’ 2’ QO’ 0” 1” 2" 0’ 
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3. Performing the indicated multiplication, 


Its inverse is 


(C’*Ce — Cy) “1 = Ai 


The product of the last two matrices is 


0’ 
0” 
(C’*Cy — C4)71+(C’-Cy — Cg) = 1” 
And 
o’” 


Hence the desired transformation tensor is 


9.30 


9.31 
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The Equations of the Sequence Network 
(a) Now Z and e of the primitive network, equation 9.26, may be 

transformed by C3 with the aid of C/-Z-C and Cj -e. 

; 2 


, 


1 


9.32 
Zo+Z,+2Z + 3Z, Z+Z+3Z, 
Zo+Z2+ 3Z, Zo + Ze + 2Z + 32, 
9.33 
r’ 2’ 
Cr. =e" = a1 


The equations of the sequence network are e’ = Z’-i’ or eg = Zagri* 
= (Zo + Zi + 2Z + 3Z,)i"" + (Zo + Z + 3Z,)4"" 


OS CR Z 2 he 0 az?" 
They may be solved for the currents 7!’ and 7?’ by i’ = Z’—!-e’. 
(b) If the sequence currents 7!’ and 7?’ have been found, then in net- 
work 3: 
1. By equation 9.31, the sequence currents are i? = C3.-i* 


0’ 1’ 2’ 0” 1" 2" 0’”’ 


2. The sequence voltages are, by Z-C-i’, where Z-C is given in 
equation 9.32, 


Qo’ 1’ 2! 0” 17" 2"' Q’” 


e = | —Zoa" + 2) | Ze" | Zq@”" | —ZG" + 2) | ZH" | 2” |-32,0" + 2’)] 9.36 
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Actual Currents and Differences of Potential 


A transformation from network 3 to network 2 with the aid of C} = 
C, shown in equation 9.29 gives the actual currents in each coil as 


0 
(a — 1)" + (a? — 2’ 
i? = C}-i 0 9.37 
(a — 1)e + (a? — 1): 
—3(i" + 2) 


The actual difference of potential across each coil (since e’ = C,*-e or 
es = Ch*-e1, therefore e; = (Ci*)—1 -e3) is 


—Zo(i¥ + i’) + Zui! + Zoi” 
—Zo(i! + 2") + Zi" + aZei?’ 
—Zoil + 7’) + aZyi" + a®Zei” 


e, = (Cit 0 9.38 


si acaesile 
3 /3 


Z(a? — 1)i"” + (a — 1)1” 
Z(a — 1)" + (a? — 1): 
—3Z,(i" + 7’) 


Of course the actual currents i’ and differences of potentials e, could 
have been found from i* without the intermediary steps of finding i? 
and e3. That is 

i? = Cj-it = Cj-C3-i# 9.39 


e1 = (Cy")~1-e3 = (C3)? -Z-C3-i# 9.40 


The Sequence Network 


When Z’, equation 9.33, has been established, the sequence network 
containing the design constants of the mixed primitive network of Fig. 
9.4b may be established by inspection as shown in Fig. 9.6. 

From Ci, equation 9.31, the sequence network containing only se- 
quence constants is established by inspection, as shown in Fig. 9.7. 
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There are mutual inductances between the double-primed coils as 
shown in Fig. 9.5. 

It should be noted that Fig. 9.6 is a ‘‘mixed”’ network containing 
both actual and sequence impedances and that no mutual inductances 
exist between the coils. This mixed circuit can be set up on the calcu- 


Fic. 9.6. Sequence net- Fic. 9.7. Sequence net- 
work with mixed imped- work with sequence im- 
ances. pedances. 


lating board. However, in both sequence networks, Figs. 9.6 and 9.7, 
the currents are all sequence currents. 


Networks with Multiwinding Transformers 


When magnetizing currents are also to be neglected, the steps are the 
same as before except that C3 is the product of two C’s. 

Because of the larger number of groups of coils, in such problems it is 
advantageous to deal with compound networks (each coil representing 
a three-phase apparatus) and their compound tensors. It is shown else- 
where * that in terms of three-phase compound tensors the analysts of 
three-phase networks reduces almost to the simplicity of that of single-phase 
networks. . 

The advantage of the use of compound tensors is due to the fact that 
only a few standardized types of three-phase interconnections and 
faults exist and their corresponding C and Z need be established only 
once. Then for every particular three-phase system these ready-made 
C’s and Z’s are used as components of the compound tensors. 


EXERCISES 
1. Find the conjugate of 


e = e1 


e2 — jes 


* T.A.N., Chapter XX. 
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2(a) Transform to 0, 1, 2 axes the following Z’s. 


a b c a b c 


a Zoa Zab Zac 
Ze =b Zba Zp 2b 


c Zea Zeb Lee 


(b) Transform the new Z’s back to their original form. 

3. Verify the fault impedances Z in Table III. 

4. Let the generator of Fig. 9.8, whose Z and e are given in equation 9.12 supplying 
three unequal resistences, be short-circuited as shown. Find the short-circuit current. 


Fic. 9.8. 
5. A grounded generator supplies a three-phase load where 
Qo” 
ae o Vv 2 
e= ey 


If a double line-to-ground short circuit occurs 
as in Fig. 9.9, find the sequence and the actual 
currents and differences of potentials appear- 
ing across each phase of the generator and the 
load. 

6. A generator Z; supplies a delta-connected 
load Zz. If a line-to-line fault occurs through 
an impedance Z (Fig. 9.10), what are the 
Fic. 9.10. sequence and the actual currents and voltages 

in each coil? 


EXERCISES 


TABLE III 


FAULT IMPEDANCES ALONG ACTUAL AND ALONG SEQUENCE AXES 


Zo=(ZgtZp+Z_)/3 
Z1 =(Zo+ OZpt 9°Z,)/3 
Zo=(Z+07Z,+0Z,)/3 
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CHAPTER 10 
MERCURY-ARC RECTIFIER CIRCUITS 


Information Implied in C 


The connection tensor C showing how the coils are connected into a 
network includes a surprising amount of information about the net- 
work. It will be shown that in rectifier circuits it gives the instantane- 
ous and r.m.s. values of the currents flowing 
at any part of the system, provided that the 
load current is not too large. C,-Z-C, of 
course, gives the impedance of the network to 
be used in detailed studies. 

| As a simple example, let the six-phase rec- 
tifier of Fig. 10.1a be considered. Each anode 
circuit is considered a closed mesh. The nine 
coils are wound on a transformer as shown in 
Fig. 10.10. 

The method of attack is the same as that of 
any other network containing multiwinding 
transformers. That is: 

1. The coils are interconnected by C,. 

2. The magnetizing currents are neglected 
(or retained) by Co. 

3. The product C,;-C, gives the desired 

transformation tensor C’ in which the new axes are the anode axes 
(and the line axes). 


(2) 


Onw 


rier ith 
rae 
ACH 
tet tt 


Fic. 10.1. Six-phase 
rectifier. 


Visualization of Rectifier Phenomena 


(a) Hitherto no attention was paid to the order of the meshes as- 
sumed. Now, however, it is essential to rearrange the anode meshes in 
the order of their firing. 

The order of firing of the various anodes is determined by the equa- 
tion e’ = C,-e, where e is the impressed line voltage (three-phase). 
The components of e’ give the differences of potentials appearing across 
the various anodes. By arranging the components of e’ in their proper 
time phase, the firing order of the anodes is automatically determined. 
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A transformation tensor C; may now be established that changes the 
order of the anodes to that given by e’. Then C’-C; is the final 
C sought. 

(b) Now if it is assumed that the new currents i’ (the anode currents) 
that appear at different time intervals are all equal and of constant 
value Ig.¢., then i = C-i’ gives the currents flowing in each coil in each 
time interval in terms of the direct current [g-.. 

Since the anode currents Jy. appear at different time intervals in 
each anode, the graphical plot of each row of C (multiplied by J d-c.) gives 
the instantaneous value of the currents flowing in each coil. 

Also if the components of each row of C are squared, then added and 
the square root of the average resultant is taken, the r.m.s. value of the 
currents flowing in the corresponding coils is found. 


Six-Phase Rectifier 


(a) In the arrangement of Fig. 10.1 three of the coils (the primary) 
are connected in star to the line. Each of the other six coils (the 
secondary) forms a closed mesh through the cathode. Coils 7-9 are 
connected to the common cathode in a direction opposite to coils 4-6. 
Hence their interconnection is represented by 


1’ 2 4 5s 6 7’ a 


10.1 


Q 
- 
ll 
oentr a a +», WwW DH = 


(b) There are two closed magnetic meshes; hence two equations of 
constraint may be set up: 
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(The magnetizing currents on the right-hand side, instead of being 
equated to zero, may be assumed to be 7” and ”.) 
The primed currents being substituted, then 7!’ and 72’ eliminated, 


7 1 s Al Pa Py .4 7T QT Qs 
i ee ey + a + a8 4 277" — 78’ — 78) 
3 Np 
10.3 
10.4 
10.5 


1 2 3 4 5 6 7 8 9 
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then 


From Fig. 10.2 the firing order a, b,---, f follows -a 
as 7’, 6, 8’, 4’, 9’, 5” (the order may start at any 


coil). a2 
(d) The order of the coils in C’ may be changed 4, 
by the following transformation :* Fic. 10.2. 


order, 


it” = it 
io" = if 
4°’ = Pi 
ue = 72 
eo" = 7< 
ee” = 7° 


Hence 


_— 


=1/3 |:2/3'| =173 | 1/3 

—1/3 2/3 1/3 | —1/3 | —2/3 

—1/3 | —2/3 | —1/3 1/3 2/3 1/3 
Pr 4 1/n 


C=C'-C3 =X 


o nan an aA eke WO ND 


*T.A.N., pp. 164-167. 
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10.6 


Firing 


10.7 


10.8 
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(e) The instantaneous values of the currents are given by the rows 
of C multiplied by Jy... as shown in Fig. 10.3 for the three line coils 
1, 2, and 3. 


ISWUO 


Fic. 10.3. Instantaneous line currents. 
The r.m.s. current in coil 1 is 


(2)? + (4)? + (—4)? + (— 3)? + (- 9)? + 


i= Tac. 6 


Wis 10.9 


3 


(f) The impedance tensor Z’ of the system is C,-Z-C. It is needed in 
load and short-circuit studies. 


Interphase Reactors 

When the phases are interconnected through reactors (Fig. 10.4) 
then the anode does not stop firing as the next one starts. It keeps on 
firing through two or more time intervals. 


Fic. 10.4. Interphase reactors. 


In such cases an additional C, is introduced to show that in a time 
interval two (or more) consecutive anodes are firing simultaneously. 
For the above example 


TWELVE-PHASE QUADRUPLE RECTIFIER 87 


10.10 


10.11 


Ast x4 
) 

-/2 

- 


(a) coil 


(b) coil 4 


Fic. 10.5. Instantaneous currents. 


The currents in coils 1 and 4 are shown in Fig. 10.5. Their r.m.s. 


values are nIg.o./+/6 and Iao.(¥4)V (1? + 17)/6 = Tae/(20/3). 


Twelve-Phase Quadruple Rectifier 


Figure 10.6 shows a rectifier connection with thirty-six coils, in 
which four anodes fire simultaneously. Figure 10.7 shows the number 
of turns of the various windings (a = 0.816 and b = 0.299). 

The analysis follows the previous one step by step except that here 
three closed magnetic meshes are assumed and their magnetizing cur- 
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rents are assumed to be identical and equal to 7” (along axis m) instead 
of being zero. C is given in equation 10.12. 
Rows 2 and 3 repeat row 1, also rows 5 and 6 repeat 4. 


Toc ._ 
ONG . 3 .¢ Ly. Ey! 
31-32 oP ee 33 34 
Bll 16 22 [304 
2 Ifo |] 142 18. 25 S21}] 2621 56 
fio 38 & ; 27k os 229 
7 “15 20° S 
10 17 244 28 


ajbicidiel f igihli li tk 


Toc 
Fic. 10.6. Twelve-phase, quadruple zigzag rectifier. 


The instantaneous current in the line (coil 1), primary (coil 4), 
secondary (coil 7), and interphase reactor (coil 36) are shown in Fig. 


'& 2&6 3 
ae ~ he 
4b SEE 6EEND 
= = = 
Te St 9 EF an, 
a = = 
1Ogep 1S 12 EP bn, 
= a | 
I3$% 1494 15 Es an, 
a = = 
1GSP 17 E> 18 & bn, 
a i = 
19 Fp 20 dh 21 KF an, 
a i) = 
2294 23 $b 24 Ef bn, 
= a ml 
25¢4 263 27 & an, 
28% 29% 30 
SH MP EF MO GF Ons 2Toc 
1E VE SS Teoil #36 
HE sSseS | | 
Fic. 10.7. Arrange- Fic. 10.8. Instantaneous currents 
ment of coils. in coils 1, 4, 7, and 36. 


10.8. The r.m.s. currents are: line = 0.6831 g.¢.ns/Np; primary = 
0.3941 4¢.%s/Np; and secondary = (14+/3)Iqg.. The magnetizing cur- 
rent flows only in the closed delta. 
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cVOT 


9€ + 0E19 + 0Z 


0 


q— 02 


ae — DE 


9 — PY— 


DE — FE—| J — BE— 


qe + PE dt + PF 
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EXERCISE 


Find C, the instantaneous currents, and the r.m.s. value of the currents of the 
rectifier circuits of Figs. 10.9-10.11. 


Fic. 10.9. Biphase circuit. 


aa 


Fic. 10.10. Six-phase double-wye circuit. 


= yg 


Fic. 10.11. Six-phase forked circuit. 


CHAPTER 11 
PHASE-SHIFT TRANSFORMERS* 


Considering Only One-Third of the Windings 


In a balanced three-phase system, whatever currents flow in phase a, 
the same currents, shifted by 120 degrees in time, flow in phase } and by 
240 degrees in phase c. That 1s, if 2’, 7°, and 7° flow in the meshes of 
phase a, then az’, ai®, and ai’ flow in the meshes of b, and a7i*, a4", and 
a2i in the meshes of c (see Fig. 11.1 for one mesh per phase). 


Fic. 11.1. Currents in balanced three-phase circuits. 


Hence in balanced three-phase systems it is sufficient to consider only 
one-third of the coils, meshes, and currents. 


Representation of Three-Phase Transformers 


Let three four-winding transformers be given (Fig. 11.2) 
It is customary to represent the coils in the following way. 


Fic. 11.2. Three-phase four-winding transformers. 


1. Those of phase a are always vertical. 
2. Those of phase b are always at 120 degrees from it. 
3. Those of phase c are always at 240 degrees from it. 


* T.A.N., Chapter XIII, p. 339. 
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Instead of drawing the coil, only a straight line is drawn as shown in 
Fig. 11.3. 
Hence the coils of Fig. 11.2 are represented as shown in Fig. 11.4. 


a b c 
\ | ~N a 
2 { ~\ a 
' 2 2 
s {, i 2 3 ~ “ 
4 { ~ a 
phasea phase b phase c 
Fic. 11.3. Representation of Fic. 11.4. Representation of a 
phases. four-winding transformer. 


Interconnection of Coi!s 


Let the twelve windings of Figs. 11.2 or 11.4 be interconnected as 
shown in Fig. 11.5. In particular: 


1. Windings 1 into star. 
2. Windings 3 into star. 


(a) Actual connections. (6) Representation. (c) Its primitive. 


Fic. 11.5. Phase-shift zigzag transformer. 


3. Windings 4 into delta. 

4. Windings 2 in opposing series with 3 (the so-called zigzag 
connection.) 

5. Windings 2 are connected in series with a balanced star load. 
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The Primitive System 


It is sufficient to consider the currents only in the first transformer (ver- 
tical lines) and in one of the loads. 
The primitive network (Fig. 11.2 or 11.5c) has five currents 


1 Zi-2 | Z1~3 | Z1-4 i= 


2 | Zi-2 Zo-3 | Zo-4 


Z=3) Zi_3 | Zeo-3 Z3-4 
4] Zi-4 | Zo_4 | Z3-4 


11.1 


The Transformation Tensor 


In the given network, Fig. 11.5, there are nine meshes; hence it is 
sufficient to consider three meshes and assume three new currents in 
three of the vertical coils i*’, 7°’, 7*’ as shown. 

The next step is to determine the 
currents in the remaining vertical coils 
and in one of the loads. 

In Fig. 11.6, if 2?’ flows from A to B, 
then ai’ flows from C to B (see Fig. 
11.1). ; Hence —ai*’ flows from C to D. Fig. 11.6. Determining the current 

Similarly in one of the loads (it does _in the remaining vertical coil. 
not matter in which one) 2’ flows. 

Hence, equating the currents flowing in the four vertical coils (and 
one of the loads) before and after interconnection (comparing Fig. 11.5 
and c and Fig. 11.6), 


7 =41 

v= —ai*’ 

a= i 11.2 
it = {* 

P= 2’ 


The coefficients of the new currents give the transformation tensor C, 
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showing the manner of interconnection of the coils. One of its compo- 
nents is a complex number —a = 0.5 — 70.866. 

It should be noted that, to establish the currents flowing in all verti- 
cal coils, the currents in some of the other coils also had to be estab- 
lished as an intermediary step. 

Of course, in place of the coils of phase a (the vertical coils), the coils 
of any of the other phases could have been considered. 


Neglecting Magnetizing Currents* 
The procedure from this point is the same as for any other multi- 
winding transformer network. 
The equation of constraint of the vertical coils before interconnection 
is 
nyt! + Not? + n3t° + nat? = 0 11.3 
Replacing the old currents by the new currents with the aid of 


equation 11.2, 
ny!’ + nai?’ + ni?’ + nyt’ = 0 11.4 


Assuming, say, 7*’ (the current in the delta) as the dependent cur- 
rent, 


v =1 
Pp = 4°” 
11.5 
i" = — AL a (= = m8) 
n4 n4 M4 
Note that Ne is a complex number. 
11.6 


* G.E.R., May, 1935, p. 237. 
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Currents and Differences of Potentials 
1” 3” 


—aZ\_ Zi NoZi— 
Z1_4(M + NP) ae 24 Rez ams 


—a?Zy_9 + Zi-3 + N3Z1_4 | Zo-3 — Zo_4(Noa® + Nia) 
—a?®NiZo_-4 + NiZ3_4 + Z34(No + NZ) + Z 


e’ = Cf 11.8 
The currents are from i’ = Z’—!-e 
1” 3” 
v=) 2’ |] 3” 11.9 


The differences of potential across each coil of the first transformer 
are 


NiZy_4il” + (—aZ1-9 + Zig + NeZ1_4)P" 

(Zy-2 + NiZo—4)i!"” + (Zo_3 + NoZo_s)i*” 

(Zy-3 + NyZ3_4)i” + (—aZe_3 + NZ)” 11.11 
Zyai" + (—aZo_4 + Z3_4)0" 


Zi” 
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TABLE IV 


BALANCED THREE-PHASE MULTIWINDING TRANSFORMERS AND 
THEIR TRANSFORMATION MATRICES 


First column—C, shows interconnection of coils. 
Second column—C, neglects magnetizing currents. 
Third column—C3 represents their resultant. 


(1-ayi” 
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EXERCISES 


1. Find C, and Ce of the zigzag transformer of Fig. 11.7 (consisting of three three- 
winding transformers). 

2. Find C; and Cy of the inscribed delta transformer of Fig. 11.8 (three two-winding 
transformers. 


‘ 
wae 
Fic. 11.7. Zigzag transformer. Fic. 11.8. Inscribed delta 


transformer. 


3. Find C; and Cz of the zigzag auto-transformer of Fig. 11.9 (three three-winding 
transformers). 


Fic. 11.9. Zigzag auto-transformer. 


4. Find the currents and differences of potentials across the coils of the trans- 
formers shown in Table IV. 


CHAPTER 12 
INDEX NOTATION* 


Denoting the Reference Axes of a Particular Frame 


(a) In the notation hitherto used (the ‘‘direct’’ notation), each 
physical entity (tensor) was denoted by a single symbol e or Z (the 
“base” letter) without showing its valence or its law of transformation. 
Also the notation could not restrict the analysis so that it should apply 
to only one portion of the network. The ‘‘index notation”’ to be shown 
now takes care of these and other needs of the analysis. 

- The symbols a, 6, c -- - denoting the individual reference axes will be 
called ‘‘fixed’’ indices. The totality of all axes will be denoted by “‘a’”’ 
or “B’”’ to be called ‘‘variable’’ indices, so that a assumes all the fixed 
indices in succession. 

The base letter of a vector (tensor of valence 1) will have one variable 


index as €g 


so that e, = 3, eg = 1. 
The base letter of a tensor of valence 2 will have two indices 


so that Zao = 3, Zyy = 5, ete. 
The transpose of Agg is Aga. The inverse of Agg is denoted by a dzf- 


ferent base letter, as 
(Aag)—* = BP 12.1 


*7T.A.N., Chapter VII. 
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Note that the order and position of the indices are interchanged. 
(yr?)-* = Zgq and (Zag)? = Yea, 

(b) By using both variable and fixed indices, any row or column may 
be picked out of a tensor at will. For instance, Z,, is the second col- 
umn, Z,g is the third row. 

A tensor of valence 3 has three indices as shown in Fig. 12.1. 

A tensor of valence 0 (scalar) has no index. 


Fic. 12.1. 


Denoting the Various Reference Frames 


The various reference frames are usually denoted by priming the in- 
dices as Zag, Zargrr, Zqrrgrs +++. In general, Zag stands for all the 
possible reference frames (primes, double primes, triple primes, etc.) 
in addition to all components Zaa, Zap, etc. 

The symbol Z, the base letter, still represents the whole physical en- 
tity, while the indices show just which reference frame and in that frame 
just which component or components are under consideration. For 


instance, for the tensor Zyg 
gp’ 
PS a!” b’” 


B’ gb” 
at a’ b’ al a” b” mn 
a’} 1 2 en ir) 6 al” 
Za'Bt —4 $$$ } Zap — ————|———— Zerg = 
b’t 3 4 b” 7 8 bf” 


VAP = 6, Zyrrgi = 


When the indices contain no primes and are all variable indices as 
Zag, then (if not otherwise stated) they imply all the components of all 
possible reference frames, that is, the entity itself. 

It is customary to use different variable indices for different reference 
frames (instead of different numbers of primes) such as Zgg for one, 
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Zmn for another frame. Though this notation is permissible, it is not 
logical, unless the two reference frames are of different types. 


Denoting the Manipulations to be Performed 


(a) The rule for multiplying together two vectors e-i (each with, 
say, four fixed indices a, b, c, d) can be represented with the aid of 
indices as 


a 6b c¢ 4 a 6 cd 
exfafals | i-[s]o]r|s 
> 


ei= Devin =1XS+2X643X74+4X8 = 70 12.2 


a=-a 


Similarly the rule for multiplying together two tensors of valence 2 is 
represented as 


d 
> AeeByp = Cxy 12.3 
B=a 


a <= Y ENTE a 
= ; a : K+] oa z I+] 
(b) The index 8, along which the summation is performed, is called 
the ‘“‘dummy index.” The arrows are always drawn along the dummy 


andices. ‘The remaining indices @ and y are called ‘‘free indices.’’ The 
resultant tensor C,, contains only the free indices. E.g., 


> AcerBys = Caps 12.4 
= 


showing that the resultant of the product is a tensor of valence 3. It 
may be said that the two dummy indices stand for a dot-product. (In 
direct notation only A-B = A,gBg, can be represented, but not 
AgpByg-) 

(c) Since the dummy index occurs twice, the summation sign may be left 
out as 


A opyBys = Caps 12.5 
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This is called the ‘‘Einstein convention” as he was the first to suggest 
the omission of the summation sign. 


Denoting the Law of Transformation 


(a) Although the currents i and voltages e are both vectors, they 
have different laws of transformation 


i=C-i’ and e = C;'-e’ 12.6 


one attracting C, the other C;?. 

In other words, e and i are two different types of vectors as they behave 
differently when cotls are interconnected into various networks (or even 
when the reference frame is changed and the network is left undis- 
turbed). That is, when coils are connected in series, the voltages are 
added, but the currents remain unchanged. On the other hand, when 
coils are connected in parallel, the voltages now remain unchanged and 
the currents are added. 

To represent this difference in their physical behavior, hence in their 
law of transformation, the current vector always has an ‘‘upper’’ or 
“contravariant”’ index as 7*, while the voltage vector always has a 
“‘lower’’ or ‘‘covariant’”’ index as é,. Also 7% is called a ‘‘contravariant”’ 
vector and é, a “‘covariant”’ vector. 

(b) In general, if an old index attracts C~! (or C;,'), it is an upper in- 
dex ; if tt attracts C (or C;), it is a lower index. 

Since Z attracts C twice, equation 6.6, both its indices are lower in- 
dices as Z,g. However, Y attracts C! twice, equation 6.8; hence it is 
written as Y°*. On the other hand C itself attracts one C and one C7, 
equation 6.11; hence it has one upper and one lower index as C?. Its 
inverse, C~!, is written C2’. 

Tensors may have any number of covariant and contravariant indices 
as Avy. So that no confusion may arise as to the order of the indices, 
dots are placed in the empty positions. 

The only exceptions in disregarding the order of the indices are the 
transformation tensor C%, and the unit tensor J%-. 


The Dummy-Index Rule 


It so happens in nature that every type of energy is the product of 
two vectors, one being always a ‘‘covariant’”’ vector, the other a ‘‘con- 
travariant” vector. For instance, T = gm?” or T = Myv™ (Mm = 
momentum). Similarly, with power, P = e,t”. 

In general, in any problems of tensor analysis, of the two dummy indi- 
ces one ts always a lower, the other an upper index. 
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With the aid of this rule, the law of transformation of any tensor may 
be written down automatically 
i = 4° CR | Large = ZagC2-C§, 


12.7 
Cue | VRP = VOCs CF 


Ca 
Tensor Equations 


(a) Every term in a tensor equation must have the same free indices. 
With one free index every term is a vector, as 


di® 
by = Ragi® + Lag a + Topyi®i 12.8 


In every term the free index is a. This equation stands for » ordinary 
equations in every reference frame. 
With two free indices every term is a tensor of valence 2. 


Zep = Lop — Loy "Zig 12.9 


This tensor equation stands for 2” ordinary equations in every reference 
frame. 
With no free indices every term is a scalar. 


P = e,t* 12.10 


This tensor equation stands for one ordinary equation in every refer- 
ence frame. 
(6) The dummy indices may be changed in each term at will. 


Ragi® = Roi" 12.11 


The free indices may be changed only in all the terms of an equation 
at the same time. 
x = Rygi® may be written ase, = R, gi". 
(c) With index notation the order of the tensors in a product can be 
changed at will 
A,gB*’ = BAe | but A-B #~B-A 12.12 


The dummy index 6 shows whether the arrows are drawn horizon- 
tally ‘or vertically. However, if the components of a tensor contain 
operators, such as p = d/dt, their order cannot be changed (just as the 
order of p in an ordinary equation cannot be changed). 


Contraction 


It has been assumed hitherto that the two dummy indices occur in 
different tensors as Zagt” . However, they may occur in the same tensor. 
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Let 


Then 
=A%,+A5,+A4°,.=24+34+4=9 12.13 


That is, A%, represents the sum of the diagonal terms. 

In general, assuming two dummy indices in a tensor (the process of 
“contraction’’) lowers its valence by 2. If K;;,° is a tensor of valence 
4, then K¢,” is a tensor of valence 2, namely Kag. 


EXERCISES 


1. How are each of the shaded portions of Fig. 12.2 reper ented in index notation? 
2. What is the law of transformation of the tensor Kz3,°? 


Fic. 12.2. 


3. What is wrong with the following equations? 
(a) €a = Reyi*; (b) Aas = By2C8g; (c) A%g = Bapyi?. 


4. Is the following equation correctly written (that is, are the indices correctly 
balanced) ? 


= Ragi® + tab en Tpyat®i¥ 


5. Write out all the four sets of equations 14.7 as shown in equation 14.8. 
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DIFFERENTIATION AND INTEGRATION OF TENSORS * 


Differentiation 

The differentiation and integration of tensors are facilitated by the 
use of the index notation, as the indices show the succession of steps to 
be performed. The following rules also apply to n-way matrices. 

(a) A tensor is differentiated with respect to a scalar by differentiat- 
ing each of its components separately in every reference frame. The 
valence of the tensor remains unchanged. 


—7 


—sin 6 —sin@} —cos 6] 13.1 
—¢@ —1 


(b) A tensor is differentiated with respect to a vector x* by differenti- 
ating each component of the tensor with respect to each component of 
the vector in succession. The valence of the new tensor is one larger. 
For instance, find 0A,/dx°, where 


13.2 


3u 


*T_A.N., Chapter I, p. 31. 
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The expression 0A,/ dx° is denoted as Bag. That is, the contravariant 
(upper) index B in the denominator becomes a covariant (lower) index in 


the resultant tensor. -p 
OE ai Me 13.3 


(c) A product of tensors is differentiated by differentiating each ten- 
sor separately. For instance, 


8(AapB® 1) ete aBer 
od Bey 4+ A, 13.4 
ax? ax® + Ao ae 
Gradient 
In physical problems three types of differentiation occur rather fre- 
quently. 
The derivative of a tensor with respect to a vector x* is called the 
“‘gradient’’ of a tensor. eee aA 
Ein Bag 
aB 13.5 
dB. Soe 
Gra ax? ap 


Not only a scalar but also a tensor of any valence may have a gradi- 
ent. The valence of the gradient is one greater than that of the original 
tensor. 

From the gradient, the divergent and the curl are built up in the 
following manner. 


Divergent 


If the gradient of a tensor is ‘‘contracted,” the resultant is called the 
“divergent” of the tensor. 


Div A, = 92s = 
ox* 
ac 13.6 
Di ap = of = Da 
iv Cog ax 


Not only a vector but also a tensor of any valence may have a diver- 
gent. The valence of the divergent is one less than that of the original 
tensor. E.g., 


Aa =| x* | xy | xyz =| x y Z 
Div A, = = 
i ax ~ ant + an t ant fs 
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The same result could have also been found by calculating first the 
gradient, that is 0A,/dx° = Bag, then adding its diagonal components. 


Curl 


When the gradient of a tensor has been calculated, then, if its trans- 
pose is subtracted, the resultant is the ‘‘curl’’ of the original tensor. 


OA, 0Ag 
Ag = =F — = Bag — Bea 13. 
Curl axe anf B 3 8 
That is, if 0A,/dx® = Bag, then its transpose is Bea. 
OCag OC, 
Curl Cap aa Ox = aa = Dagy —s Dayg 13.9 


Not only a vector but also a tensor of any valence may have a curl. 
The valence of the curl is one greater than that of the original tensor. 
For instance, 


The above tensor is ‘‘skew symmetric,’ that is, all terms to the right 
of the main diagonal line are negative to those to the left. The diagonal 
terms are zero. Hence the number of different components is ?/2 — n. 
This skew symmetry of the curl exists in every reference frame. 
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Line, Surface, and Volume Integrals 


(a) A tensor of any rank is integrated with respect to a scalar by 
integrating each of its components. 


a 
a b c d 


Ag =| sin @ cos 6 3 | -s 
a 
a b c a 
ff Aad® = Ba = —cs@+Alsino+B| 30+C |cos@+D\ 13.11 


(b) A tensor is integrated with respect to a vector by integrating each 
component of the tensor with respect to each component of the vector 
and performing the contraction as indicated by the indices. For in- 


stance, if 
a a 
a b c d 
Aqg= oe = | dx dy dz du | 


a b c d 
E cosy{ 3 2 } dx 
(fAcdt = b= f Ande + Ay dx® + Acdst + f dads! 
= f sina dx + cosydy + f 3dz+ frau 


= —(cosx + A) + (siny + B) + 32+ 0) 
+ (2u + D) 13.12 


[Ana = B* 


Such integrals are called ‘‘line integrals.” 
(c) The differentials may form a tensor of valence 2 (representing a 
surface). In that case the contraction is performed twice in succession. 


[fa dx? dx¥ = Sf “gy dBPY = C% 13.13 


Such integrals are called ‘‘surface integrals.” 
(d) “‘Volume integrals’ assume the following form: 


Sf J A%gyse Ex" dx? dx® = SIS f A%573, dBY* = C%, 13.14 


Also 


108 DIFFERENTIATION AND INTEGRATION OF TENSORS 


Stokes’ Theorem 


In tensor analysis the theorem that ‘‘the line integral of a vector is 
equal to the surface integral of the curl of the vector’’ assumes the form 


f Ag dx = f J (24 - 2 ae dé 13.15 


the indices indicating the routine steps that have to be performed in the 
integration. 

Of course, a may have more than three fixed indices and A, may be 
replaced by a tensor of any valence. Tensor analysis also supplies a 
routine procedure for the cases when the reference frames are not rec- 


tilinear but curvilinear. : 


EXERCISES 
1. If 
Be a 
a b c d ~ 
Aa =| xy* | ye? | zu? | ux? Ps 
b 
a Aes = 
Le ao b ¢« d mer 
x* =] x y Zz u d 
ag, OA | dAa@ Ase dAag 
Find: (2) 54; 0) Sei OSB: O Sa 
d(AaBg) | a <6 ; 0A wpBXC8 
2 @) yi) ae meer ae 


3. Find the gradient, ae and curl of 4, and Aqg of exercise 1. 
4. Find the line integral of Aq and the surface integral of Aag of exercise 1. 


CHAPTER 14 
THE FIELD EQUATIONS OF MAXWELL* 


Three-Dimensional Form of the Equations 
Important examples for the differentiation of tensors are the field 
equations of Maxwell. In the symbolism of conventional vector 


analysis they are as follows: 
The first set of the field equations (in Heaviside-Lorentz units) is 


Giese 
cat I 14.1 
Div D = p 


The second set is 


1 dB 
CurlE + - = = 0 
c ot IT 14.2 
Div B = 0 
where p satisfies the equation of continuity 
Div pv + <e =o Il 14.3 


and E and B are expressible in terms of the scalar potential ¢ and vector 
potential A 


E = — gradg — . a8 
c Ot IV 14.4 
B= curlA 
The vectors have the form 
x y Zz x y Zz 


* See, for instance, Becker, ‘‘Theory der Elektrizitat,’’ Vol. II, Teubner, Leipzig, 
1933. 
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Four-Dimensional Tensors 


The three-dimensional forms of Maxwell’s equations have the follow- 
ing limitations: 

1. They are not valid if the reference axes have accelerated motion 
such as rotation. 

2. Even when the reference axes are stationary, the equations are not 
valid if the velocity v of the charges approaches that of light. 

3. Unless the reference axes are orthogonal, the calculation of gra- 
dient, divergent, and curl becomes rather involved. 

All these limitations are removed if the above equations are restated 
in the language of tensor analysis. Assuming a rectangular reference 
frame along x, y, z (the “primitive” reference frame), Minkowsky gave 
the following tensor forms of Maxwell’s equations, each replacing a set 
of two conventional vector equations. 

First let new types of tensors be introduced by augmenting the three 
space directions x, y, by a fourth, the time ¢. These new tensors are 


~—H¥ |—jp* 

— He H® |—jpyv 
HY |-H= | 0 |-jp 
jD™| jpv| joe | oO 


* 
where Fg and H*® are skew-symmetric tensors of valence 2. F*® is 
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called the ‘‘dual’’ of Fug. Also, B = Vi—v /c*, where v is the velocity 
of the charge po. 


Four-Dimensional Form of the Equations 


In terms of these tensors the conventional four sets assume the form 


aH, as* 
= —-=0 III 
axt 2 I Ox* 
: 14.7 
a Feb Iga 948 
—~ = Fg=—.-— IV 
ae - 8 ant ax® 


For instance, the first set gives 


oH*® 9H 4 0H? aH = aH 
axe ax Ox? ox? 


when 


SERS ae gan BG 
9 oH*® dH 10D"  poV® 
a= Berea ps es ee 
Ox Oz c at Bc 14.8 

3... 2HY _ aH _1aD* _ poV 
a Ox oy c Ot Bc 

0D*™ ap¥ oD Po 
a=4.- = 


Ox oy 02 8 

When the velocity of charge is small, v”/c? is negligible compared with 
unity and 6 = 1. 

Since Fy is skew symmetric, the last set IV only apparently contains 
4? = 16 equations. Four of these (when a = 8) are 0 = 0, while six of 
the remaining twelve only repeat the other six with a negative sign. 

In going over from the primitive (rectangular) reference frame 
hitherto considered to a rectilinear frame, or from a stationary to a 
untformly moving reference frame, these tensors can be transformed in 
a routine manner by the formulas previously given, but the conven- 
tional forms cannot. 

When curvilinear or accelerated reference frames are introduced, 


these equations have to be generalized again, as will be shown in 
Chapter XX XI. 
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EXERCISES 


1. Write out the three-dimensional form of equations 14.1-14.4. 
2. Write out the four sets of four-dimensional equations 14.7. 
3. Let the following C change rectangular axes to cylindrical axes 


x x x x 

go x y Zz jet 

C= gu gt a ga 
xe =] () z jet 


(a) Find along the cylindrical axes ge, Sa, Fag, F*%*, and H®®, 
(6) Establish Maxwell’s equations along the cylindrical axes. 


PART II 
ROTATING MACHINERY 


CHAPTER 15 
GENERALIZATION POSTULATES * 


A Preliminary Postulate 


The purpose of mathematics is to express as long a train of thought as 
possible with as few symbols as possible. 

Suppose, in performing an experiment, it is found that a spring witha 
spring constant 10 is elongated 2 inches by the application of a force of 
20 pounds. That relation is written as 20 = 10 X 2. When 30 pounds 
is applied, the elongation is found to be 3 inches or 30 = 10 X 3. For 
the infinite possible applied forces and for the infinite variety of spring 
constants a separate equation has to be written. 

Algebra introduces the following labor-saving symbolism. Let all 
the possible displacement be denoted by d, the spring constants by k, 
and forces by f. Then all possible measurements may be expressed 
asf = kd. That is, it can be postulated that: 

An infinite variety of arithmetic equations may be replaced by one alge- 
braic equation of the same form if each number ts replaced by an appro- 
priate letter. 

Such a replacement shortens the analysis of a problem and offers a 
better visualization. Nevertheless, at the end of the analysis all letters 
have to be replaced again by numbers and a certain amount of numeri- 
cal work performed in spite of the intermediate use of algebra. 

By long usage this generalization postulate has become second nature 
to the engineer, and he hardly ever stops to think of it as such. 


The First Generalization Postulate 


Let a particular network with 1 meshes be given. For the first mesh 
an algebraic equation of the form e; = 217; may be written (in con- 
formity with the preliminary postulate) ; for the second mesh, é2 = Zole; 
and so on. Instead of writing m equations and manipulating them, the 
analysis may be simplified by introducing a new symbolism the follow- 
ing way. 

Let all the mesh currents, z!, 72 --- be arranged as a 1-matrix and 
denoted by a single symbol i, similarly all the 7 impressed voltages bye. 


* T.A.N., Chapters II and III. 
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Also let all the n? self and mutual impedances be arranged as a 2-matrix 
and denoted by Z. Then the z algebraic equations may be replaced by 
the single matric equation e = Z-i. That is, it can be postulated that: 

The n algebraic equations describing a physical system with n degrees of 
freedom may be replaced by a single equation having the same form as that 
of a single unit of the system, if each letter is replaced by an appropriate n- 
matrix. The manipulation of the matric equation follows closely that 
of the algebraic equation. 

Such a replacement shortens the analysis and offers a better visuali- 
zation than the original 7 equations. Again, at the end of the analysis: 


1. The 2-matrices must be replaced by their elements of algebraic 
letters. 
2. The letters must be replaced by numbers. 


The Second Generalization Postulate 


Instead of one particular network let, say, all the possible stationary 
networks with m meshes be given. The matric equation of the first net- 
work is €; = Z,-i; (in conformity with the first generalization postu- 
late); that of the second network, eg = Z2°is; and soon. Instead of 
analyzing each network separately, it is possible to develop equations 
that are equally valid for all these networks by introducing the follow- 
ing symbolism. 

First let the whole group of all possible transformation matrices 
Ci, Co --- = C% be established (at least, it must be known how to 
establish them if and when they are needed) that transform any one of 
the networks into any of the others. If, and only if, these C’s are 
known, then let the totality of all the current matrices i1, ig --- be de- 
noted by the contravariant vector (tensor of valence 1) z*, all voltage 
matrices by the covariant vector e., and all impedance matrices by the 
tensor of valence 2, Z.g. In that case the large number of matric 
equations may be replaced by the single tensor equation e, = Zagi? (or 
in direct notation e = Z-i). That is, it can be postulated that: 

If the matric equation of a particular physical system is known, the same 
equation ts valid for a large number of physical systems of the same nature 
(for which a group of transformation matrices C%, may be established) if 
each n-matrix is replaced by an appropriate tensor. 

It cannot be sufficiently emphasized that the key to the tensor equa- 
tion is the existence of the group of transformation matrices Ce with 
the aid of which the ordinary equations of any system can be changed 
at will to those of any other system. It is incorrect to say that a matric 
equation is valid for, say, all networks. In order that a symbolic equa- 


FURTHER GENERALIZATION POSTULATES 117 


tion, say Z’ = Z, — Z2-Zz'+Zs, should be valid for all networks, it is 
absolutely necessary to know how to establish the components of each of 
the symbols Z1, Z2, Z3, Za, and Z’ for any particular network with the 
aid of C from those of any other network by means of definite laws of 
transformation. But, if C is known, and Z, Ze --- each has definite 
laws of transformations, the latter symbols are not ‘‘matrices” but 
“‘tensors,’’ actual physical entities. 

Once the solution to a problem is expressed in a tensor equation, 
again, for any particular physical problem: 


1. Each tensor must be replaced by the components along the 
reference frame in question, namely, by an n-matrix. 

2. Each n-matrix must be replaced by its algebraic letters. 

3. Each letter must be replaced by a number. 


Further Generalization Postulates 


Since the second postulate refers to physical systems of the same nature 
(or reference frames of the same nature), the question arises what 
happens if the physical systems are of different nature; say one is a 
stationary network, the other a rotating machine; or one has a recti- 
linear, the other a curvilinear, reference frame. For such extensions 
further generalization postulates can be established that will be cov- 
ered subsequently. 

In general, the greater the saving in thought and labor in the inter- 
mediary steps, the more routine work has to be left to be performed at 
the end of the analysis. In the solution of any problem about the same 
amount of numerical work has to be performed with or without the use 
of algebra; the same is true about the use of tensors. Both algebra and 
tensors are thought-saving and not arithmetic-saving tools. They 
avoid the necessity of learning a new trick for every problem. 


CHAPTER 16 
THE PRIMITIVE ROTATING MACHINE * 


Reasoning with the Aid of the Generalization Postulates 


Let a single coil, in which the instantaneous current 7 flows, move 
with an instantaneous velocity p@ in a magnetic field. A stationary ob- 
server is able to establish from several numerical experiments (with the 
aid of the preliminary postulate) algebraic equations for the voltage and 
torque in the coil. These ae are 


e= Ri +2 as Bpo | 16.1 


f=iB 16.2 


where ¢ is the flux linkage of the coil and B is the flux density (different 
from ¢) that the coil cuts. 

Let a particular rotating machine with stationary reference frames be 
considered, say an amplidyne, in which several coils have the same in- 
stantaneous velocity p@. (To simplify the problem, first the equations 
of one machine are developed so that only one p@ occurs, also only sta- 
tionary reference frames. The extension for several p@ and for rotating 
reference frames requires more advanced concepts of tensor analysis.) 

By the first generalization postulate, in terms of matrices the above 
equations assume the form 


e=R-i+ * + Bpé 16.3 


f =i-B 16.4 


where e, i, g, and B become 1-matrices and R becomes a 2-matrix. 
By the second generalization postulate, the equations of all rotating 
machines with stationary reference frames become, in terms of tensors, 


e Ragi? +4 — at Bype 16.5 


. . dg 

: past r) % 
R-i+ at + BDé | e 
f=i-B f =Ba 16.6 


* A.T.E.M., Part III, p. 24. 
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if, and only if, the group of transformation matrices C%, exists by which 
the equation of any machine may be established from that of any other. 

It should be noted that the reference axes are restricted to be all of 
the same type, namely, all stationary in space. 


The Method of Attack 


(a) The second postulate suggests that, in order to establish the 
equations of any machine, first from the fundamental laws of electro- 
dynamics let the equations of another machine, say the ‘‘primitive”’ 
machine, be established whose equations are comparatively easy to deter- 
mine. ‘Then, by setting up a Cz, between the primitive machine and 
any other machine, the equations of the latter can be established in a 
routine manner, without starting its analysis all over again from 
fundamental laws. 

The study of rotating machines (just like the study of general net- 
works) will consist then of three main steps: 


1. The establishment of equations of the primitive machine. 

2. The establishment of C for each machine, showing how the 
given machine differs from the primitive machine. 

3. The routine determination of the performance of any machine. 


(b) Because for special types of machines special labor-saving devices 
can be introduced, the study of some of these will also be undertaken. 
All the labor-saving methods for general networks will be used in ro- 
tating machines, in addition to new ones. These old devices are: 

1. Permanently short-circuited meshes (with or without impressed 
voltages) are eliminated. This step decreases the number of variables, 
without, however, changing the degree in p = d/di. 

2. Magnetizing currents are eliminated. This step decreases the 
number of variables, also the degree in p = d/dt. 

3. Hypothetical design constants (such as “‘bucking” reactances) are 
introduced. This step decreases the number of design constants. 

4. Hypothetical reference frames (such as “symmetrical compo- 
nents”) are used. This step decreases neither the number of variables, 
nor the degree in p, nor the number of design constants. However, it 
decreases the number of terms (components of Z) and thereby simpli- 
fies the inverse calculations. 

5. In balanced polyphase machines all but one phase are eliminated. 
This step decreases greatly the number of variables, the degree in , 
the number of design constants, and the number of terms. 
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Representation of a ‘‘Layer of Winding” 


The primitive rotating machine consists of a cylindrical stator and a 
rotor, each equipped with several concentric layers of windings. The 
stator has two salient poles; the rotor is smooth. The 
simplest element is now not a “coil” but a “‘layer of 
winding.”’ For the sake of simplicity, a two-pole, two- 

phase machine is considered. 

(ud On the stator a layer of winding will usually be rep- 
resented by two coils, one on the salient pole and 
another at right angles to it between the two poles 

: (Fig. 16.1). On the rotor a layer of winding will be rep- 
resentation of a si eas R 
stator and rotor Tesented by a closed drum winding with two sets of 
layer of winding, brushes on it, one along the field pole (direct axis) and 
one at right angles to it (quadrature axis). Through 
the direct axis brush flows 7?; through the quadrature axis brush 
flows 72. (A machine with a structure such as Fig. 16.3 is, for 
instance, the amplidyne.) 


Fic. 16.1. Rep- 


Phase-Wound and Squirrel-Cage Rotors 


(a) D-c. and a-c. commutator machines do have rotor layers of wind- 
ings equipped with commutators. It can be shown that phase-wound 
and squirrel-cage rotors also can be represented by a closed drum wind- 
ing with two hypothetical sets of brushes at right angles in space, that 
serve as reference axes. 

If a cross section is made of such a winding, it can be assumed that at 


"4 ++ 


(a) 


Fic. 16.2. Representation of i and e. Fic. 16.3. Physical representation of 
a4 and 7%. 


any one instant the current-density wave is sinusoidally distributed in 
space (Fig. 16.2a). This current will be represented by a vector i drawn 
in the direction of the flux produced by the current. As time goes on, 
this vector changes its magnitude and direction. The projection of this 
current (or rather m.m.f.) vector along the salient pole (direct axis) will 
be denoted by 7? and along the interpolar space (quadrature axis) by 2%. 


THE PRIMITIVE MACHINE 121 


Similarly an instantaneous generated voltage e in the winding (Fig. 
16.26) will be assumed to be sinusoidal in space and is represented in 
exactly the same manner as the current i. 

(b) A physical interpretation may be given for 7? and 7% by assuming 
two hypothetical sets of brushes on the rotor (Fig. 16.3). Then 7 is 
assumed to flow through the direct axis brushes and 7% through the 
quadrature axis brushes. Only in commutator machines have these 
brushes actual physical existence; in synchronous and induction ma- 
chines they serve only as a reference frame along which the actually 
existing current vector is projected. 

(c) To summarize, in the rotor of a commutator machine 7? and 7% 
each has actual physical existence, but their resultant in space, i, is 
hypothetical. On the other hand, in a phase-wound or a squirrel-cage 
rotor the resultant i has an actual physical existence, and its two 
components, 7? and 7%, are hypothetical quantities. 


The Primitive Machine 


A rotor layer of winding with true or hypothetical brushes may be 
considered to consist of two hypothetical coils at right angles (Fig. 16.4). 


(a) (d) 


Fic. 16.4. Four different representations of a rotor layer of winding. 


While the conductors forming these coils rotate, the resultant coils be- 
tween the brushes are stationary; that is, the coils are composed of dif- 


(0) 


Fic. 16.5. The primitive machine with four layers of windings. 


ferent conductors from instant to instant. (In practice the coils are 
shown by dotted lines, Fig. 16.4d.) 
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Since every layer of winding may be represented by two coils at right 
angles, the ‘‘primitive’’ machine consists of two sets of coils at right 
angles in space (Fig. 16.5). To simplify the equations, usually only one 


dost {" 
d=! i 
Gr 4s 


~  e 


(0) 


Fic. 16.6. The primitive machine with two layers of windings. 


2 


layer will be assumed on the stator and one on the rotor—four coils alto- 
gether (Fig. 16.6). The generalization of all equations from four coils 
to 2 coils is obvious. 


Generated Voltages 


(a) In the primitive machine let a current 2” flow in the stator direct 
axis winding in the positive direction (producing a positive flux), and 
let the rotor rotate clockwise. The question to be investigated is: What 
are the voltages induced and generated in the four windings due to the 
presence of the single current. The self-inductance of the coil is Lg,; 
its mutual inductance with the rotor is Mg (Fig. 16.7). 


E ind 
Fic. 16.7. Current i# Fig. 16.8. Induced and generated 
flows. voltage due to i®. 


1. Assuming the rotor stationary and the current varying, voltages 
are induced only along the direct axis windings d, and d,. In the stator 
d, appears e = Luspi*, and between the direct axis brushes d, appears 
e= Mapi®. 

2. Assuming the current constant and the rotor rotating with a 
velocity 6, generated voltage exists only between the brushes along the 
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quadrature axis q,, namely, e = (M/p6)i**, where M, is different from 
Mj and represents the proportionality factor between the generated 
voltage e and i%* 9. This factor My will be called here the ‘mutual 
inductance’ between the axes d, and q, due to the existence of rotation. 
The proportionality factor 7% Mg between e and é will be called here 
the ‘‘flux-density wave’ B. 

In a commutator machine all these induced and generated voltages 
can be measured and the constants Lg,, Ma, and Mj ascertained by test. 
In a phase-wound or squirrel-cage motor these constants can also be 
determined from measurements or design data. In the latter machine 
the corresponding induced and generated voltages can be represented 
by Lenz’ law as space vectors, as shown in Fig. 16.8. 

These internal generated voltages due to i” (also the resistance drop) 
may be tabulated as 


Eas = (—Tas = Liep)t® 


Ear = — Mapi* 

Sei = 16.7 
Eq = Mipe* 
Eqs = 0 


(b) If positive currents are assumed to flow in each of the four coils 
and the voltages due to the presence of each coil current are similarly 
tabulated, the resultant impedance matrix for the primitive machine 
becomes 


d, d, qr qs 
—tas — Lash — Map. 0 ds } Eas 
—Map 7 <1, —Lap| —Lgpe d, | Ear 
Mapo Lirp@ = |—ty — Lop a dr | Egr 
0 0 —Myp Qs | Ege 


16.8 


so that the generated voltage equation is eg = Zgri. 
That is, the Z, of the primitive machine is the same as the Z, of a 
d-c. machine with two sets of brushes at right angles. 
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In establishing Z, it has been assumed that each coil has the same 
number of turns. The inductances ZL and r may be measured in hen- 
ries or in any per unit system. The instantaneous velocity 6 repre- 
sents in general the number of electrical radians described per second. 

These basic equations are used by central-station engineers (Park, 
Crary, Concordia, and others) for the study of synchronous machines. 

(c) Induction-motor engineers usually know the impressed voltages 
e on the motor; hence they prefer to use the negative of the above 
equations 

—e,= —Z,-i or e = Z-i 16.9 


tds + Las Map 


Map te + Lar Lori 
reas 16.10 


—-M ap 6 —Larp 6 tr + Lorp 


0 0 M,p qs + Lesh 


(In machines with smooth air gaps Lar = Lg, = L,and Ma = M, = M.) 
Also 
d, d, qr qs d, d, qr qe 


€dr Car €gs = eS — Eas | —Ear —Egr —Egs 16.11 


where the symbols e represent impressed voltages and 
d, d, qr ds 


gar | 498 


Hence the impressed-voltage equations of the primitive machine are 


Cds = (Yast Lasp)i® + Map i” 


bar = Map i®@+(r,+Lapiv+ Ly po i+ Mipei® ar 
Cr = — Mp0 — Li, pO EA (rpb Leb) + Mypit®e 
gs = Mah 0° + (rqe+Loep)i® 


(d) As the order in which the axes are considered is arbitrary, any 
other order may be assumed at will. For instance, in using symmetrical 
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components, sometimes it is more convenient to assume the order 
dey Gey dry Gr SO that 
d, qs d, qr 


tas + LasP 0 


tgs + Lesh 0 


foe ee |, 61S 
Mipo =| t+ Lab | Lobo 


we Lirb t, + Lerb 


Component Tensors of Z 


(2) The above impedance tensor consists of the sum of three tensors: 


1. The coefficients of all p are denoted by L. 
2. The coefficients of all #6 are denoted by G. 
3. The remaining terms are denoted by R. 


ds dy Gr 4s 


16.14 


1. The resistance tensor R contains the resistances of the four wind- 
ings. 

2. The inductance tensor L contains the self and mutual inductances 
of the four windings. (There is no mutual inductance between the 
direct and quadrature windings.) The inductance tensor L = Log plays 
a fundamental role in tensor analysis and is called the ‘‘metric tensor.” 
In dynamical studies the metric tensor is denoted by a,g and in geom- 
etry by gag. 

3. The torque tensor G contains the mutual inductances existing 
because of rotation (such mutuals exist only between d and q coils). 

(b) In terms of the three tensors 


Z=R+Lp+ 0G | Zog = Rog + Loph + p0Gop «16.15 
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so that e = Z-i may be written as 
e= R-i+L-pi+ poG-i | eg = Ragi® + Loppi® + poGygi® 16.16 


Physical Tensors 


(2) From the basic tensors R, L, and G (containing design con- 
stants), other tensors may be derived expressing physical entities. Two 
of these tensors are: 

1. The flux-linkage vector g representing the resultant flux linkages 
of each winding 

g = Lei | ga = Lagi? 16.17 


2. The flux-denSity vector B representing the resuliant flux density 


cut by each coil 
B=G-i | By = Gagi? 16.18 


In terms of these vectors 
e=R-i+ po + Boo | e = Rosi + pow + Babd 16.19 


(0) For the primitive machine 


Lasi® + Mai® 0 


Po. Pe 
Loi? + My 


M. qi® + L avi” 


16.20 


Leri™ + Mit? 


—(Mg® + Loi) 


Mi? + Losi 0 


The flux-density vector B represents only the rotor flux densities that 
produce generated voltages and torques. The stator flux densities play 
no role in these equations. 

In terms of g and B the equations 16.19 of the primitive machine are 


Cas = tact? + Peas 
Car = 1,1" + pear + Barb 
Cor = rat" 4- Pear Tg Barb 


eqs = qt” + Pos 


16.21 


(c) Since the electromagnetic torque upon the rotor (in the direc- 
tion @) is 
f=i-B|f=7B, 16.22 
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substituting the value of B, the zmstanianeous torque is 
f =i-G-i | f = Gait? 16.23 
The Rotation Tensor 


(a) In phase-wound and squirrel-cage rotors it is assumed that the 
current-density and flux-density waves are sinusoidally distributed in 
space. In that case M’ = Mand L’=L. Also G may be expressed 
in terms of L as 


G = ¥i7L 


F ur 16.24 where y, = 7 
JoB = Yort+yB 


A similar relation exists between the flux-density wave B and flux- 
linkage wave 
B= ¥.-¢ | Be = vhep 16.26 


Fic. 16.9. Rotating a vector by 90° 
with the aid of Y;. 


(b) The tensor ¥ is called the ‘‘rotation tensor”’ as it rotates a vector 
in space by 90 degrees. For instance, if in Fig. 16.9 


d oq 
i=] —-1 | 3 = 0A 
then 
d q 
yei=] 3 | 1 = OB 


Hence in each layer of winding the flux-density wave B is at right 
angles in space from the flux-linkage wave ¢. 


128 THE PRIMITIVE ROTATING MACHINE 


(c) In a commutator machine Y,; has no existence, G has no relation to 
L, and B is independent of ¢. 


More General Forms of Z 


(a) When the rotor rotates in the opposite direction (counterclock- 
wise), Fig. 16.10, then 6 becomes. negative and 


d, d, qr qs 


Map 


t, + LarP = Lob 6 —M, ob 6 


16.27 
Map Lab 6 tr + Lord 


tas + Losp 


Fic. 16.10. Primitive machine of Z. 
The equation of voltage becomes 
e = Z-i=R-i+ pe — Boo | ea = Zagi® = Rast? + pon — BapO 16.28 


(0) When zero-phase sequence currents flow in the stator layer, or 
rotor layer, or both, an extra row and column are introduced in Z for each 
zero-sequence current and an extra coil in the primitive machine. Then 


ds d, qr qs 0, 0, 
tas + Lasp| Map 
Map |r+Lab| Lope Mqpe 


—Mape | —Larpd | % + Ler Mp 
16.29 


Mp Tas + Lash 


That is, now three axes exist on each layer of winding, d, q, and 0. 
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MORE GENERAL FORMS OF Z 


Oe OT 


POT + Ws PW Gerry Gey 0 0 0 0 


dH GPT + Wa GH POH 0 0 0 0 
Gory Gry Gury + Va ae 6d — og? — ogi — ote — 
GP GP dH GPT + us | ggeeT— od — agian yy — gery — 
ogee oF 0d" W 0Fe'T GUPT + M4 dN Prey Geer Hy - 
gge yy ogi P oGt PT od” Gy qGupy + THs qiryy Gary 
Give py guppy Gipy + 8P4 Gy 


G8? yy Gale py gy GePT + BPs 
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(c) With two layers of windings on the stator and rotor, Fig. 16.5 
(but no zero-sequence currents), the Z is shown in equation 16.30. All 
components containing p represent L; those containing p@ represent G; 
and the rest, R. 


Axes Fixed to the Rotor 


(a) It is a property of the laws of electrodynamics that they depend 
only on the relative velocities existing between the reference frames, the 
electromagnetic field, and the material bodies lying in the field. 

In the primitive machine of Fig. 16.6 (having the Z of equation 
16.10): 


1. The four reference axes and the salient pole are stationary. 
2. The smooth structure rotates clockwise. 


Hence the same Z is valid also if: 


1. The smooth structure is stationary, 
2. The four reference axes and the salient pole rotate together 
counterclockwise (Fig. 16.11). 


(0) Such a case occurs in synchronous machines (Fig. 16.12); hence 
the Z of equations 16.10 and 16.30 are equally valid for them, if the sub- 


J.-B, G-S 


Fic. 16.11. Relative rotations of a Fic. 16.12. Equivalence of induction ma- 
salient and smooth structures. chine and synchronous machine structures. 


script s refers to the salient pole (now the rotor) and the subscript 7 to 
the armature (now stationary). 

However, synchronous-motor engineers assume that the salient pole 
(and the reference frame) rotates clockwise (or rather from d to q); 
hence it is the Z of equation 16.27 that corresponds to this convention. 
Since usually amortisseur windings (axes k) exist in both direct and 
quadrature axes, a primitive machine with at least jive axes appears in 
synchronous-machine studies. Hence extending equation 16.27 in the 
manner of equation 16.30, and replacing the subscripts s by f (field) and 
k (amortisseur) also r by a (armature), the Z to be used in synchronous 
machine studies is 
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dy di de Ga qk 


—r¢ —Lyp| —Myeb 


Z, = — Mrap —r — Lap Lap8 16.31 


— Mrapé —Lape —r —Lgp.| —Migh 


—Migh |—rkq — Ligh 


If G is formed (Table V) from the coefficients of p@ in Z, (equation 
16.31), then i-G-i = i-B represents the electromagnetic torque on the 
stator in the direction 6 since B now represents the flux-density wave of 
the stator. 

It may be mentioned that the direction of q may be reversed as shown 
in Fig. 16.13c, and a counterclockwise rotation (still from d to q) may be 
assumed. All equations, however, 4g 


; : f d d 
remain the same with both con- jt 5 an sellt ° 


ventions. q 

(c) When several machines are dof \\ = a — ar) 
interconnected, some rotating GG) = 
clockwise, some counterclockwise, 


then appropriate Z (or Z,) has to (a) (0) (¢) 
be used for each. For future ref- FIG. 16.13. Three different representa- 
erence). “Table: VW has. been: “con tions of a synchronous machine. 
structed for Z and Z, containing two directions of rotation. For each 
type of machine and for each direction of rotation Z = —Zy,. 

(d) Even though the Z of a synchronous machine refers to a reference 
frame that rotates, inasmuch as the four axesare relatively stationary with 
respect to eachother both cases will be called ‘‘stationary’’ axes, meaning 
“relatively stationary’’ axes. The expression ‘‘rotating axes’’ to be 
introduced later on will mean “relatively rotating’’ axes; that is, it will 
represent the case where there is a relative rotation between the axes 
themselves. (The equation e = R-i+ py + BP@ is not valid for that 
case as will be shown later.) 

Unless otherwise stated, the Z and direction of rotation of Table Va 
will be assumed as those of the primitive machine. 


Torque in Machines with Smooth Air Gap 


(a) The torque f = i-B may also be written (if i, = stator currents 
and i, = rotor currents): 


f =i-B =i,-B = i,-G-(i, + i.) 16.32 
since B links only the rotor axes. 
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TABLE V 


THE Z, Zg, AND G TENSORS OF THE PRIMITIVE MACHINE WITH VARIOUS 
DIRECTIONS OF ROTATION. 


[me 0 [0] 
[Map _[ettarP | Cab | MqpO— 
=WgpS | -LaPOeLgrP | Mg> 
a a 


PAO Al 20) 
P-Map Hrtay Carp O | -Mgpe | 
PMapS [Lee beg e | Map | 
Ce 


Wee 
ea 


soa 
Fte-L gs? |_-MaP | 
PMgP [ar-LaeP | 


Ptar“LarP_ | “Map 
1 -MaP __| 


Gr 
qa 
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The G tensor can also be divided into two components G, and G, 


G=G,+G, 16.33 


16.34 


so that 
ba = i--Gg-is + i,-G,-i, 16.35 


(b) Now, if the machine is smooth, Ly, = La, = L,, and the torque 
due to the rotor currents alone is zero. 


i,-G,-i, = 17° L,i0 — iV Lai® =0 16.36 


and the torque becomes 
f = i,-Gyeig 16.37 


In machines with salient poles, the torque 
f =i,-G,-i, = 2709"(Lgr — Lar) 16.38 


is the so-called reaction torque introduced by the saliency of the poles. 

(It must be remembered, that G, and G, are no longer tensors and 
they cannot be introduced if, for instance, the equations are intended 
to be used for establishing equivalent circuits.) 


CHAPTER 17 
TRANSFORMATION TENSOR* 


Interconnecting Coils 


(a) The primitive machine consists of several isolated coils, each with 
an e.m.f. (mostly of zero value) impressed upon it. It differs from the 
primitive stationary network only in one respect. Its coils are arranged 
at right angles in space, thereby having mutual inductances only be- 
tween coils along the same axis (as if it consisted of two isolated multi- 
winding transformers). Because of the permanent spatial arrange- 
ment, it is not necessary to denote the ends of the coils by 1-2. 


GOO © 


Fic. 17.1. Representations of a short- Fic. 17.2. Representation of a squirrel- 
circuited brush set. cage winding. 


If the stator and rotor coils of one or more primitive machines are in- 
terconnected in any manner with each other or with some stationary 
network, the steps in establishing C are exactly the same as in sta- 
tionary networks. 

(6) A set of brushes short-circuited upon itself is represented by a 
heavy line, Fig. 17.1. 
A squirrel-cage winding is represented by two sets of short-circuited 
brushes at right angles (Fig. 17.2). 


The Turn-Ratio Transformation C 


(a) If the constants of the primitive machine are calculated by as- 
suming that all coils have the same number of turns, then when two 
coils are connected in series, their turn ratio must be considered. 


* A.T.E.M., Part III. 
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Let the current in a conductor be z (Fig. 17.3). If the conductor is 
subdivided into » small but equal conductors, the current in each is 2’, 
so that the relation 


1= nt’ 17.1 
i i’ af 
Oe i b&} 
fe dg 
Before After ty) fH} 
subdivision. subdivision. c d 
Fic. 17.3. Changing the number of Fic. 17.4. Coils with different number 
turns. of turns. 


represents the transformation of increasing the number of turns of a 
coil by n. When in the primitive network of Fig. 17.4 coil 6 has unit 
turns, while the others have a different number, then 


aggh 
17 = Nqi* 
*b “bh! 
= 

17.2 

*, apf 
vv = nt° 
a? = ng? 


If the coils are now interconnected by Cg, then C = C,-Co. 


ae 
TN a 
EIS, 


(a) Given network. (6) Primitive system. 


Fic. 17.5. Interconnection of a rotating machine with a stationary network. 


Because of the simplicity of C,, it is usually possible to set up C,-Cz 
in one step. When in doubt, C should be set up in two steps. 

(0) For instance, let a motor be interconnected with a stationary net- 
work as shown in Fig. 17.5a. 
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The primitive network has eight currents (one for the impressed 
voltage that happens to have zero impedance in series with it). The 
given network has five currents. Equating the old and the new currents 
flowing in each coil (assuming coils d,, d,, q,, and a to have unit turns) 


, 


d} d- qa a ec 


, 


tw =+1 
edrt 
qar = yar 
qr — sar’ 
we=1 
i = ngit” 
; C= 17.3 
4% = 44s 
* *, 7 
4° on as! — 4 
ont 
vr = 70° 
it = —ni" 


In many rotating-machine problems the primitive system is so obvi- 
ous that it is not necessary to make a special drawing such as Fig. 
17.50. 


Rotation of the Rotor Reference Frame 


(a) There is one procedure that is performed with the coils of the 
primitive machine, but not performed with the coils of the primitive 
stationary network, and that is the rotation of the coils in space, or 
rather the rotation of the brushes in space. (In stationary networks 
the spatial position of the coils was not considered.) 

The following analysis is valid in commutator machines only approx- 
imately, as the current-density and flux-density waves are assumed to 
be either sinusoidal or at least replaceable by a sinusoidal wave for each 
position of the brush set. In the latter case all angles are not true, but 
equivalent angles. 

(b) Let across section of a rotor layer of winding be taken, Fig. 17.6a, 
and let it be assumed that at a certain instant the current vector i is at 
the position shown. If the machine is the primitive machine, i is pro- 
jected along the d and q axes to give 7? and 7? (Fig. 17.60). 

In many actual machines the two sets of brushes m and n are at a 
constant angle a from d and q; hence in them i is projected along m and 
nas?” and”. That is (Fig. 17.6c), 


1. The old projections of i are 7? and 7°. 
2. The new projections of i are 7” and 7”. 
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(c) The problem is to express the old components 7? and 7? in terms 
of the new components 7” and 2”. 
From Fig. 17.6d it is evident that 


OA =OE—OF 42 = 4™ cos a—7?” sin a cos @ —sin a 17.4 
OB =O0G+08H | i4=2 sin a+7" cosa 7 ; 
e2*, 


e 
- + 
+ ++ + 
(a) Current (b) Old (c) New (d) Old projections 
vector. projections. projections, in terms of new. 


Fic. 17.6. Projecting the current vector i upon two sets of reference frames at an 
angle a. 


The coefficients of the new currents give C that changes the current 
components from d and q to m and n but leaves the current vector i 
itself invariant (unchanged). 


Special Cases 
With one set of brushes m on the rotor (Fig. 17.7) 7” = 0 and 
m 
i = i" cosa d]| cose 
; c= ;-—— 17.5 
=i" sina q| sin a 
= f& 
NPn 
(a) (a) 2) 
Fic. 17.7. One set of brushes i = 7”. Fic. 17.8. Brushes shifted at different 


angles, i = i" + 7”, 


When one of the sets of brushes is shifted by an angle a, the other by 
an angle 6 (Fig. 17.8), then 
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t™ cosa — i” sin B 


=. 
I 


a4 = 7 sin a + 2” cos B 


When the angle of the set of brush (the reference axis) is not a con- 
stant a but a function of time 0, the C is the same as above except that 
a is replaced by 6. 

With four sets of brushes on a layer of winding (Fig. 17.9) it will be 


(a) (d) 
Fic. 17.9. Four sets of brushes on a layer i = (¢" + i”) + (i? + 24). 


assumed that the resultant current i is the sum of the currents flowing 
through the four sets. Hence 


d]| cosa | —sina| cosgs | —sin 8 
17.7 


q] sina cosa] sin Bg cos 8 


Establishing C in Several Steps 


When the brushes are rotated and interconnected with other coils, it 
is better to perform the transformation in two steps. First, the brushes 


| | GK) | 
Fic. 17.10. Leblanc Fic. 17.11. Shifting the brushes 


advancer. by an angle a. 


are rotated by C,, then interconnected by Cz. The product C;-Cz per- 
forms both operations at the same time. With other complications 
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(such as different turn ratios) additional C’s may be established. For 
instance, let C for the Leblanc advancer (Fig. 17.10) be developed in 
three steps: 

1. Changing the turn ratios. 


428 = ait® 
4a — 4qar 
Ci 17.8 
qa” = Ue 
wv = ai? 


gas = 42 
i” =i™cosa — ising 


a” = 74" sina + 2" cosa 


i? = im 


The resultant C is C;-Co-C3. 


Rotation of the Stator Reference Frame 


(a) It should be noted that, while a rotor layer of winding is assumed 
to be symmetrical around the circumference, on the stator the d winding 
(the d component of the layer) has different constants from the q 
winding. Hence, when the stator windings are shifted at an angle a, 
the rotor transformations have to be modified. 
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A stator winding m shifted at an angle a (Fig. 17.12) has to be con- 
sidered to lie on a separate layer from the other windings, and it has to be 
derived from a primitive machine having an extra stator layer with a 
d and a q winding. 


a8? at a8? 
i! = i™ cosa 17.11 
qast = 

Fic. 17.12. Stator coil at an angle. Fic. 17.13. Shaded-pole motor. 


For instance, C of a shaded pole motor is (Fig. 17.13) 
dee m Gri Gri 


jas? — jds2 
i! = i cosa 
gar! — dri 
qu) = garth 
qv) = i™ sin a 


(5) If the stator has a winding with the same constants along the d 
and q axes (as in a polyphase induction motor or alternator), then the 
reference frame on such a winding may be shifted in exactly the same 
way as on the rotor. 


The Unit Transformation Tensor 


(a) Many standard machines are identical with the primitive ma- 
chine, containing various numbers of layers with various numbers of 
axes. For such machines the transformation tensor consists of the unit 
tensor having different numbers of axes, as shown in Table VI. Of 
course in such machines Z’ is not found by C;-Z-C but is simply picked 
out of Z of the primitive machine (Table V) by removing various rows 
and columns. 
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TABLE VI 


ROTATING MACHINES WITH UNIT (OR DIAGONAL) TRANSFORMATION Matrix 


Alternator with Amortisseur 
in Both Axes 


Double Squirrel Cage 
induction Motor 
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For instance, for the single-phase induction motor (Fig. 17.14) Z’ is 
found by simply removing the row and column of q, from Z of the 
simpler primitive machine, equation 16.10. 


d, d, qr 


tet Lsp Mp 0 
Mp tr + Lip Lp 17.13 
—Mpe —Lrp@ Vr + Lyp 


For the double squirrel-cage induction motor (under unbalanced op- 
eration, say a sudden short circuit on one of the stator phases), Z is 


Fic. 17.14. Single- 
phase induction 
motor. 


given in equations 16.30. (For balanced polyphase operation this Z is 
simplified as will be shown presently.) 

(b) In some cases, such as the split-phase induction motor (Table 
VI-5), the unit tensor has to be multiplied by a turn-ratio tensor. That 
is, the diagonal units are replaced by constants. 

A capacitor motor is the same as the split-phase (or asymmetrical) 
induction motor with a condenser 1/pC in series with axis q, that, of 
course, is simply added to Lgsp (without the intermediary step of 
C.-Z-C). 


CHAPTER 18 
PERFORMANCE CALCULATIONS 


Calculation of the Currents 


(a) In most machines the interconnection of coils has such a simple 
form that the e’ vector of the given network can be written down tmmedt- 
ately without the intermediary step of e’ = C;-e. 

(b) The form of Z’ depends on the components of the impressed volt- 
age. The components of e’ may in general assume three different 
forms: 

1. In sudden short circuits they contain the Heaviside unit func- 
tion 1. 

The Z’ calculated by C,+Z-C is used without any change. In all 
machines with stationary reference axes Z’ is not a function of 6and Y’ = 
Z'— can be solved with the aid of the expansion theorem without any further 
operational transformation (such as shifting). That is, with the present 
method of attack the sudden short-circuit calculation of all rotating 
machines with stationary axes (if their speed $6 is maintained constant) 
is reduced to the simplicity of analysis of stationary networks with 
lumped resistances and inductances. 

2. In a-c. steady state the components of e’ contain complex numbers. 

In that case all p in Z’ become jw, where w is the frequency of the im- 
pressed voltage. Hence: 

(a) All induced voltage terms become 


PL = jwLl, =jX, and pM = joM = jXm 18.1 


(b) In all generated voltage terms, 9 becomes vw, where v = (actual 
r.p.m.)/(syn. r.p.m.) and 


p0Leg = vwL, =X, and pdM = wM = vXn 18.2 
3. With d-c impressed voltages, the components of e’ are constant 
and p = 0. 


The currents in all cases are found by i’ = Z’~'-e’. 


Calculation of Torque 


(a) The torque tensor G’ may be established quickly by simply consider- 
ing those components of Z' that contain p@. In case of doubt G’ is estab- 
lished from G of the primitive machine by C;-G-C. 
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(b) Once i’ and G’ have been calculated, then: 
1. In sudden short-circuit or d-c. calculations the instantaneous 


torque is 
f =i'-G’-i’ 18.3 


2. In a-c. steady-state calculations the steady component of the 
torque is from f = i*-B (in analogy with the definition of P = i*-e). 


f = real part of i*-Gw-i 18.4 


The oscillating component is found if each component of i is substi- 
tuted not as a complex number 7 + jig but as an instantaneous value 
a/2(i; sin wt + d2 cos wt). The resulting expression will contain both 
steady and oscillating components. 

w is introduced to express the torque in synchronous watts. The 
total torque is changed from synchronous watts Ty, to pound-feet 
Tps by 
Ts» X 33,000(number of poles) 


18. 
2x(2 X 60 X frequency)746 : 


Tp = 
Example of a Repulsion Motor 


(2) Asan example let the transient and steady-state equations of the 
repulsion motor (Fig. 18.1) be established. The transformation tensor 
is 


18.6 


(a) Repulsion motor. (b) Its primitive. 
Fie. 18.1. 


The Z of the primitive machine is (because of the smooth air gap La; 
= Liye = Dg, etc.) 
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ds d, qr 


d, Vs + Lsp Mp 
Z=d, Mp re +Lep| Lpe 
qr] —Mpo| —L,-pé |rr + Lrp 


18.7 
The torque tensor is found by taking the coefficients of all 6. 
(b) Let a unit function be impressed on the stator (that is, let the 
stator be suddenly short-circuited). Then 


d, a 


ds} el (r + L-p)/D —M cosa p/D 
e’ = —_ —_$ $$ | 
a —M(cos a p — sina p0)/D| (rr + L,-p)/D 


where 
D = (L,L, — M? cos? a) p? + (7,-Le + 7reLr + M’ sin acos a p0)p + Perr. 


If the determinant is equated to zero, self-excited currents flow with- 
out the presence of an e.m.f. when the coefficient of the » term becomes 
zero. That may occur when a becomes sufficiently negative, so that 


rls + rs, = M? sin acos a pé 


With an applied e.m.f. 


18.9 


Since a and p@ are constant, the currents can be solved by the expan- 
sion theorem. 
Once the currents 7” and i” have been found, then the instantaneous 
torque is 
f=i-G’.i! = —Msinai®? 18.10 


146 PERFORMANCE CALCULATIONS 


(c) When an a-c. terminal voltage is applied on the stator, then, 
replacing » by jw and 6 by vw, 


d, a 


s+ 7X jXm COS a 


Xm(j cosa —vsin a) | r +X, 
| 


(t+ jXr)/D —jXm cos a/D 


[aR ee Ee (ees 18.11 
Xm(sin av — jcosa)/D | (rs +jXs)/D 


where 
D = (rr, + X%, cos" a — XsXy) + j(r-Xe + 7X, + vX?2, sin a cos a). 


d, a 
(tr + jXre | Xm(sin av —j cos ae 


D 


By i*-wG-i, the torque is the real part of 


_ eXm(sin av + j cos a) 


e(r, + j7X~) 
f D* aa 


D 18.13 


(—Xwm sin a) 


or the torque in synchronous watts is 


os e?X? sina (X,cosa — r, sin av) 
(rere + X%, Cos” a — XXz)? + (7,Xe + reX- + X%, sina cosa)” 
18.14 


It should be noted that no rationalization is necessary as D*D is a 
real number. 


Sign Convention of Central-Station Engineers 


(a) The sign convention of synchronous-machine engineers differs 
from that of induction-motor engineers in the following respect: 

1. The salient pole rotates instead of the armature; hence p§ has 
opposite sign. . 

2. Not the impressed voltage equation e = Z-i is written but the 
generated voltage equation 


e, = Z,-i or —e = —Z-i 18.15 


Z, of the primitive machine is given in Table V. 
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It is well to remember that: 


(a) The right-hand side of the equation, Z,-i, represents all tnter- 
nal generated voltages of the machine in question. 
(6) The left-hand side of the equation, e,, represents all voltages 
generated external to the machine in question. That is, eg = Zg-i 
represents the relation: 


External generated voltages = Internal generated voltages 


3. The symbols e and E represent not impressed voltages but gener- 
ated voltages, so that the components of e, have positive signs (thereby 
those of e negative signs) as 

dy da G 4 dh do G 4 
18.16 


&q ae &q 


Hence the signs on both sides of their equations are the opposite of those of 
the equations as they would have been written by induction-motor en- 
gineers. 

4. The equations are written for the synchronous generator and not 
for the synchronous motor. 

(b) In addition to the sign convention, the symbolisms of the engi- 
neers also differ. In particular, whereas induction-motor engineers use 
ohms and henries, synchronous-motor engineers use a per unit system. 

In that system the unit of time is not the second but the time it takes 
for the field to describe 1 radian. This unit is 1/2f part of the second; 
correspondingly all values of L in henries are multiplied by 2xf. Be- 
cause of the numerical identity of L and X, in the per untt system tnduct- 
ances are denoted by X instead of L. 


e, Due to Infinite Bus 


Since the armature axes d, and q, of a synchronous machine rotate, 
the armature components of e,, namely eg and e, (equation 18.16), do 
not remain constant as the load on the synchronous machine varies. The 
values of eg and e, depend on the system to which the machine is con- 
nected. 

As one of the many possibilities, let an alternator (synchronous gen- 
erator) be connected to an infinite bus. Am infinite bus may be con- 
sidered an alternator whose armature impedance 1,, Lar, Lgr 18 zero. 

It will be assumed that the field of the alternator Jeads the field of the 
bus by angle 6 = 0, — 69. 
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From Fig. 18.2 the total internal generated voltage in the armature 
of the bus is e = —7/Mpé and is due solely to its constant field excita- 
tion —7/ (as its ry and L are assumed to be zero). Since €, contains all 


(a) Alternator. (b) Infinite bus. 


Fic. 18.2. Synchronous machine connected to infinite bus. 


generated voltages that exist outside the given alternator, ¢q = e sin 4, also 
€g = e cos 6; hence 
dy da da ay 


esin 5 | ecosé 18.17 


All three components are constant. At no load 6 = 0, and as the load 
on the alternator increases, 6 increases. When the generator becomes a 
motor, 5 becomes negative. 

Since E along the field d, is an external generated voltage, the current 
due to it, hence its field flux, is also negative, as shown in Fig. 18.2. 


EXERCISES 


1. Find C of the machines of Fig. 18.3. 

2. Find the transient Z’ of the ampli- 
dyne. Find 7” and i%. What is its 
torque in terms of 7” and 2”? 

3. What are the Z and G tensors of 
the synchronous machine with no amor- 
tisseur winding? 

4. Find the transient and steady- 
state Z’ and G’ of the repulsion motor 
in problem 1. 

(2) Repulsion motor. (6) Amplidyne. 5. If the stator of the above repul- 

Fic. 18.3. sion motor is suddenly short-circuited 

(with @ remaining constant), what 

are the transient currents i’ in the stator and rotor? What is the instantaneous 
torque? 


CHAPTER 19 
TRANSIENT STABILITY OF REGULATING DEVICES 


Small Changes in Currents 


(a) Interconnected rotating machines and stationary networks (in 
conjunction with mechanical devices) are used also in follow-up mech- 
anisms and regulators where they are called upon to bring some dis- 
turbed system back into equilibrium. During this corrective period a 
small change of current Ai is superimposed upon a steady-state value. 
But, as long as the speed of the rotating machines remains substantially 
constant, the equation of the corrective device can be written during the 
change as 

Ae = Z-Ai 19.1 


where Z is calculated as shown hitherto. In such systems the deter- 
minant of the transient Z (containing p) may be investigated by 
Routh’s criterion (to be shown presently) to find out whether the sys- 
tem is stable or unstable during the disturbance. 

(6) When a regulator is used, the given system is divided into at least 
two parts: (1) the regulating device; (2) the system to be regulated. 
The Z of each of these may be established independently of the other’s 
presence, then recombined into a resultant system. 


Amplidyne Voltage Regulator 


(a) Let Z of the voltage regulator of Fig. 19.1a be established, whose 
terminals A—B are connected to the armature of an alternator (through 
a rectifier) and terminals C—D are connected to the field of the same 
alternator. 

The voltage-regulating device consists of an exciter whose field is in- 
fluenced by an amplidyne controlled through the winding 2. (This is 
only an idealized representation of the actual control.) A transformer 
acts as a stabilizer. 

(6) The resultant regulator is divided into its component parts, the 
“primitive system,” shown in Fig. 19.15. The Z of the primitive sys- 


tem is 
149 
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19.2 
where 
— Miph; |— Mop | — Mspe, Lipp; 4g 
19.3 
c a 
tp + Lpp| (M/n)p tot Leb 
(M/n)p | (re + Lep)/n* — Maps 


1 

4 

\ | 

peer y 
ys = {P| 1 


SNS excites 


en | 


Stabilizer 


Amplidyne 
(a) Resultant system. (6) Primitive system. 


Fic. 19.1. Amplidyne voltage regulator. 


All induced voltages (p terms) of the amplidyne may be neglected in 
many applications, similarly rg and L, of the exciter armature. 

The stabilizer constants 7p, Lp, and M are calculated on the primary 
side, the latter having m times the secondary turns. That is, with the 
use of the turn-ratio tensor N, Z. = N;-Zo°N, where 
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19.4 


f 2 3 q c p 


19.5 


(d) The resultant system is by 
CeeZ eC = Cy4-Z Cy + CopeZo Co + Cai-Z3°Cg = 


9 Ls 
eka er |e es FC 
—Me2p%i| ~Mspe, Yq (La — Mi)p61 
—LghA |r + ra + te + Lep 
(M/n)p — Mach ‘np + Lop 
f 2 3 q c p 
e = Aes pAca | | | 


The stability of the system may be investigated by equating the de- 
terminant of Z to zero. Routh’s (or other) criterion may be used for 
such studies. 
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Routh’s Criterion 


If the determinant of any transient Z is equated to zero, it can be ar- 
ranged in descending powers of p as 


asp + asp* + azp* + aop* + aip! + ap = 0 19.7 
where the a’s are real numbers. 


The steps in determining the stability of the system are as follows: 
1. Write down the coefficients in pairs as 


yo 19.8 


% 9% % 
2. Form the following products with the aid of the first column and 
each of the other columns. 


by = a403 — a5a2 | bo = A4a, — a5ao 


(as many such products as there are extra columns besides the first). 


Now three rows of coefficients are available. 
95 a3 4g, 


O04 O2 AQ 19.9 
bye =o bbe 
3. Considering the last two rows only, the previous product formation 
is repeated. bs = bya2 — agbo | bs = bya 19.10 


4. Considering again only the last two rows, the product formation is 
repeated until no more products can be formed from the last two rows. 

Now, # all the coefficients ‘‘a’’ or ‘‘b”’ are positive, the system is stable. 
If one of the coefficients is negative, the system is unstable. An unstable 
condition indicates that, if an oscillation starts for any cause, it will not 
damp out but will increase in magnitude. 

Usually one of the design constants is assumed to be variable and its 
limiting value is sought, which changes a stable system into an unstable 
one, or vice versa. 


Time Constants and Amplification Factors 


(a) In the transient-stability studies of control systems it is prefera- 
ble to replace r and L by other types of constants, called ‘‘time con- 
stants,” T = L/r, and ‘‘amplification factors,” » = Lpé/r. For that 
purpose, in the equation of voltage 

e = R-i+ Lp-i + poG-i 19.11 


let i be replaced by R-i. That is, let the resistance drops R-i be the vari- 
ables, instead of the currents i. Since multiplication by the unit tensor 
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I = R7?-R does not change the value of a tensor, equation 19.11 may 
be written as 


e = R-(R7!-R)-i+ Lp-(R?-R)-i + p9G-(R7?-R)-i 
e = (I+ L-R-'p + p0G-R7?)-R:i 
re L-R7! = T = time constant tensor 19.12 
poG-R7! = p = amplification tensor 19.13 
Then the equation of voltage may be written in terms of them as 
e= (1+ Tp+ p)-R-i 19.14 


(b) Since R and R™ are in general diagonal tensors, multiplication 
with R— is equivalent to dividing each column of Z by the resistance in the 
diagonal term. For instance, for equation 19.6, 


Lap 
ran? 


Lief 


_ Mop) — Msp 1 (La — My)p 19.15 
'3 Tc 


Z Ligh; 
Tq 


L, 
Lit; Pp 
Le 


Mach? 
a Mach os res Lp 
Te Tp 


where 73 = 73 + 7,/n? and r, = re +11 + Ta Introducing yw and T, 


f 2 3 q c p 


a= 19.16 


aoa 62 }» KN 


aa) 
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f 2 3 q ¢c Pp 


| | 


Since the row and column of q contains no T, it can be eliminated, 
thereby decreasing the number of y’s necessary to define the system. 


e”’ = Aes phea 


Overall Amplification Factor 


(a) If the last four rows and columns (on which no voltages are im- 
pressed) are eliminated by Z’ = Z, — Zp-Z,~!-Z3, the remaining 
terms can be written as 

Aes = —yUo Aea 19.17 


where yo is a function of Tp and p. The equation shows how much a 
change Ae, (impressed on the control field) is amplified by the time it 
passes through the regulator, and it also shows how much it is delayed 
during the passage. (An ideal regulator approaches infinite amplifica- 
tion and zero time delay.) 

Eliminating the last four rows and rearranging, wo may be expressed 
in the form 


Ma 
uo Tp p 
(1+ Tep)(1 + Tap) — TeT jb? 


Aes = — Meg 19.18 


rp 


(6) By various simplifying assumptions the degree of uo in p may be 
decreased. For instance, if the leakage inductance of the stabilizer (and 
all inductances in series with them) is neglected, then in the denomina- 
tor 

(T.Tg — T.T 5) p = 0 19.19 


and the degree of uo in p decreases by 1. 
(c) In the general case when the regulator is connected at several 
points to the system to be regulated, equation 19.17 is written as 


Ae = p- Ae; | Aeg = wm Aep 19.20 


where }§ = yz is the overall amplification tensor representing the rela- 
tion between the output and input voltages. (The previous p ex- 
pressed the amplification of each stage of the regulator.) 

In an amplifier the components of # are positive; in a regulator they 
are negative. 


EXERCISES 155 


EXERCISES 


1. Assume a shunt field along the short-circuited axis of the amplidyne voltage 
regulator, Fig. 19.2. Find Z of the whole system, G of the amplidyne, and the torque 
i-G-i in terms of the currents i. 


Fic. 19.2. Amplidyne voltage regulator. 


2. Find the T and p tensors. 
3. What is the overall amplification factor of the system? 


CHAPTER 20 
ELIMINATION OF AXES 


Calculation of Z’ and e’ 


(a) Hitherto Z, e, andi had as many axes as the actual machine. In 
many machine problems (just as in stationary networks) attention is 
restricted to a few axes only. For instance, in a synchronous machine 
the phenomena, as viewed from the armature, are of primary impor- 
tance; hence the field axes dy and q; may often be eliminated. 

The elimination of axes is performed with exactly the same formulas 
as used before. If the axes of eg and ig (or e; and i;) are eliminated, 
then 

1. Z of the remaining axes is 


Z, = Z, — Z_+Zq'+Zg | Zp = Zq — Zg*Z7!+Zo 20.1 
2. e of the remaining axes is 
e, = €; — Zo-Zz'+e, | eb = €2 — Z3°Z7! +e, 20.2 


so that the equation of voltage of the remaining axes is 
e; = Zy-in | eg = Zg-ic 20.3 


3. When the current in the remaining axes has been found and later 
on the currents in the eliminated axes ig are wanted for some reason, 
they are found by 


ig = Zz*+(e2 — Z3+i) | ip = ZT!-(e, — Zo-ig) 20.4 


(6) In rotating machines it is often advantageous to place the term 
containing the eliminated voltages, namely, —Z3-Zj]!-e, = — 21°), 
not on the left-hand side but on the right-hand side of equation 20.3. 
Then the eliminated voltages are considered not part of a new im- 
pressed voltage e; but part of the new internal voltage Za*is, so that 
the new equations are written (in place of 20.3) 


e; = Zh+i: + geree | e2 = Zorig + B1°e1 20.5 
where 
G2 = Z2-Zz" | g1 = Zg-Z;* 20.6 
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That is, the eliminated terminal voltages are assumed to influence 
the values of R, L, and G (or ¢ and B) of the machine but not the 
terminal voltage e of the remaining axes. 

When some of the axes have been eliminated, the allowable transforma- 
tions on the new system become restricted. In particular no new axes can 
be introduced that have a different velocity from the remaining axes. 
On the other hand, the remaining axes can be interconnected with other 
machines or can be shifted by a constant angle 6. 


Calculation of G’ and B’ 

In rotating machines the question often arises, how to calculate the 
torque if some of the currents have been eliminated. 

Only two special cases will be considered. 

1. All stator (or field) currents i; are eliminated. This special case is 
important in synchronous-machine studies. 

2. All rotor (or armature) currents ig are eliminated. This special 
case is important in induction-machine studies. 

For this study the torque equation can be expressed as 


f =if-B = if -G-i = if -Gg-i, + if Gari 20.7 
1. When the stator (or field) current i, is eliminated, its value is 
iy = Zz*-(e, — Zoic) 
Substituting into the torque equation 
f =i} +(Gq — Gg-Zjp*+Ze)+ig + ig -Ga-Zy'-e1 20.8 


The expression G, — G3-Z;!+Zs includes only those terms of the 
new Z’ that contain p6@, and Gg-Z;' includes only those terms of g that 
contain pé. 

Hence the new flux B’ after elimination ts again represented by the pe 
terms of the new equation Z,-i, — e, = 0 (just as before elimination). 
The torque is found now by i’ -B’ and not by i’ -g’-i’ since equation 20.8 
cannot be so expressed. 

2. When the rotor (or armature) current ig is eliminated its value is 


ig = Zy'+(€g — Zarit) = Zz'+eg — A-iy 
where A = Z;!-Zs 20.9 
Substituting into the torque equation 
| f= (e9-Za* — iP-ANGs-i + Gg-(Zz*-e2 — Avis} 20.10 


This is the general formula for the calculation of torque. 
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Let the following special case that often occurs in induction motor 
studies be considered. 


(a) The rotor has no impressed voltage, e. = 0. 
(b) The machine is smooth ig -G4-ig = 0. 


Then 
f = —if-A?-G3-i, 20.11 


That is, the new torque tensor is found from the old torque tensor by 
G’ = —A;-G3z = —(Zz!+Z3)*-Gs 20.12 


Elimination of Field Axes of Alternators 


(a) Let the Z, and e, tensors of an alternator with amortisseur wind- 
ings k in both axes be given (equation 16.31). In order to eliminate the 
field (f) and amortisseur (k) axes d,, dy, and q;, let the order of the axes 
be changed to 


20.13 


20.14 


(Since the zero-sequence quantities remain unchanged throughout the 
following analysis, their equation is left out.) 
After elimination the equations become 


da Ga 


—r—Lalb)p| Ly(b)pe 


Jt 2 900.15 
Go | —Lalp)pe | —r — Ly(p)p 


Z5 = Z4 — Z3:Z,}+Ze = 
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da | ea — G(p)pE 


e, = @2 — Z3-Zz!-e1 = |_—__—_--————_— 20.16 
= @, — £1°C1 da | eq — G(p)peE 
where * 
EGS b?(LraM 2, — 2MinaM pM pa + LM hd) + P(r; Mea + TraM Fu) 
p?(LyLna — Mi,) + (realy + r5Lna) + teats 
Mip 
L,(p) = Ly — —““— 
a(P) nop 20.17 
LiaM ra — Mr; M 
G(p) = PD LraM fa th Mina) + traM pa 


b?(LyLea — Miz) + b(rkales + 17nd) + reat s 


Hence considering the armature axes only, their Z tensor (also R, 
L, and G) have exactly the same form after elimination of the field axes as 
before elimination, except that the open-circuit inductances La and Ly are 
now replaced by short-circuit (or ‘‘operational” or ‘‘transient’’) tnduct- 
ances La(p) and L,(p). 

When each of the field axes has several windings on it, the above 
statement is still valid and La(p) and L,(p) are the short-circuit imped- 
ances of the armature when looking toward 
the field. The direct and quadrature axes 
of the field then appear as stationary net- 
works with several meshes. 

(b) In design practice it is usually as- 
sumed that the three mutual inductances 
of the field, amortisseur, and armature 
are the same in the direct axis, that is 
M fa = Mig = M fr all denoted by Xag. In 
that case xg(p) and x,(p) may be calcu- 
lated from the equivalent circuits of Fig. 
20.1 (where x; is the armature, x; the 
field, and xq the amortisseur leakage in- 
ductance). 

G(p) is found by impressing E in series with x; and calculating the 
difference of potential E’ across xaq. Then since G(p)pE = E’, there- 
fore G(p) = E'/pE. 

(c) Since by the sign convention of a synchronous machine 


e = R-i+ pp + B(—pé) or e, = —e = —R-i — py — B(—)9) 
20.18 


* Crary and Waring, ‘‘The Operational Impedances of a Synchronous Machine,” 
General Electric Review, Vol. 35, November, 1932, p. 578. 


(6) Quadrature axis. 


Fic. 20.1. Calculation of 
xa(p) = L'gand xq(p) = L’g 
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the new flux-density vector B is found as the coefficients of 6 in the 
equation Z,-i — e, = 0, while the new flux-linkage vector ¢ is found 
as the coefficients of all — p terms. 


Ly(p)1? 


La(p)i? — G(p)E 


20.19 
Lq(p)i# 


—La(p)i? + G(p)E 


The torque is by i-B (it cannot be expressed now as i-G-i). 
f =i-B = i%[Lq(p) — La(p)] + °G(p)E 20.20 


This is the torque exerted upon the armature (stationary member) 
by the currents and fluxes; hence it is the negative of the electromag- 
netic torque on the field. The expression is also equal to the impressed 
mechanical torque driving the field (rotating member), if the inertial force 
is ignored. 


The Per Unit System of Central-Station Engineers * 


(a) Central-station engineers denote the short-circuit inductances 
(since time is measured in radians) as 


Lab) = xa(p) r+ Lalb)p = za(p) 
L(p) = Xxq(P) r+ Ly(b)p = 2q(p) 


and call them “transient” or “‘operational’”’ impedances. Hence in per 
unit notation Z, and e, (equations 20.15 and 20.16) are written as 


20.21 


d q 
—2a(p) (p)p0 d | ea — G(p)pE 
Zi = i EEL NI SEE e, = Bian ceases 20.22 
—xa(b)pd | — zq(P) q | &« — G(p)pokE 


so that the equations e, = Z,-i (or rather eg = g;-e; + Ze-ig) are 
written as 


ea = G(p)pE — 2a(p)ta + 2q(b) PO tg 20.23 
€q = G(p) pOE — xa(p) pO ta — 24(p)tq 
éo = — Zoto 


where the right-hand side of the equation contains all internal gener- 
ated voltages and the left-hand side all external generated voltages. 


* Park, ‘‘Two-Reaction Theory of Synchronous Machines,” Trans. A.I.E.E., 
April, 1929. 
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(b) The new flux linkage (the coefficients of all —p) and the new 
flux density (the coefficients of all @) are 


d | xa(p)ta — G(p)E 
g = oo ee 


Xq(P)ig 


—xa(p)ta + G(p)E 


The torque driving the field is 
T =f =i-B = tgi,[xq(b) — xa(b)] + WG(P)E 20.24 
= 1gBa + tgBg = tavq — tava 
No Amortisseur Windings 


Central-station engineers prefer to express G(p), La(p), and L,(p) 
in terms of the field time constant Ty) = La;s/ray. For instance, in the 
absence of amortisseur windings 


Ma Ma/r sa Xaa/T fa 
G a as ee, eee 20.25 
(@) rat Lp 1+ (Lya/rya)p 1+ Top 
Mip ryala + Lyap(La — M3/Lya) 
xa(p) a(P) d aa a Oe Pare pe 
_ Lat Lya/rsa)p( La — Me 3/L ya) _ Lat TopLi 
1+ (Lya/ryja)p 1+ Top 
xuT op +1 
a 20.26 
Top + 1 
where 
xq = Lg — M3/Lyq = short-circuit inductance 20.27 


if r7a = 0 (or p = 0), 

In the absence of amortisseurs it is also convenient to call E not the 
actual field terminal voltage Esq but the armature generated voltage 
a Xad- That is, 


Exa 1 
E = —X, that G = —————— 
oe Xaqd so tha (p) Tob +1 


With no amortisseur xg(p) = xg. 
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Park’s Sign Convention of Flux Linkages 


(a) While in these pages the definition of gy and B has been intro- 
duced in order to write for the primitive machinee = R-i + pe + Bpé, 
hence to write for the synchronous machine e, = —e = —R-i — 
be — B(—>8), Park on the other hand writes for the synchronous 
machine 


e, = —R-it pw + y- Woo 


That is, Park’s flux-linkage vector W is the negative of as defined here, 
and he does not introduce the concept of flux-density vector B. 


d | G(p)E — xa(p)ia va — Vq 
wv = ———| = y= 20.29 
q —Xq(P)ig Ya Wd 


The relation between WY and B is 


wy — ae = ~ and B= e = y so that B= yw 20.30 
q q —Pa q q d 


(0) In terms of ¥g and y,, equations 20.23 are written as 
eq = —1a + pla — WobO 
lg = —1hg + dba + Wap 20.31 | 
€o = —1lo + po 


The torque equation is written by Park as W X i (the cross-product 
of conventional vector analysis) 


T = f = tgha — tabg 20.32 
representing the torque on the armature. 


Steady-State Performance of Synchronous Machines 


(a) At synchronous speed = Oand $@ = unity. Then xg(p) = xq, 
Xg(p) = xq, G(p) = 1, if E is the internal generated voltage. On an 
infinite bus 
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d esin 6 


q{ecosi6 —E 


20.34 


le sin 5 xq — r(ecos 6 — E))/D 


where D = r? + xaxq. The mechanical torque driving the field (or the 
electromagnetic torque on the armature) is 


T =f =i-B = igig(xy — xa) + Eig 20.35 


(b) It should be remembered that 7? and 7” are hypothetical currents 
(constant in value during steady state) and may be assumed to exist in- 
side the armature as measured by an observer who rotates with the field 
poles. The actual armature currents flowing out of the stationary ter- 
minals are sinusoidal currents 7? and 7° that may be found from 7¢ and 
i? by a simple transformation to be shown in equation 27.14. 

The reason for finding 7? and 7? first is that the equations for them are 
simple, while those that contain i” and 2’ are more involved. 


Synchronous Machine Running below Synchronism 


When a synchronous machine is connected to an infinite bus, Fig. 
18.2, but runs below synchronism at a speed of p@ = vw (or at a slip of 
s = 1-—), then 6 = swt. When the field excitation is removed, all 
currents are of slip frequency, in Z of equation 20.22 all p become jsw 
and all p@ become vw. If, in equation 18.17, e sin swt = @ = e/+/2 and 
€ cos swt = —jé, then 


d q 


d|—r — jsxa(js) VX q(js) 


Zz, = - ——__—_— 
q| —vxa(js) | —r—jsxg(js) 


xa(js) and xq(js) are calculated from the equivalent circuit of Fig. 20.1, 
where p is replaced by js, each resistance becomes —jr/s so that xg(js) 
has the form a — jb. For every slip a different resistance value exists. 

The currents are found by i = Z;'-e,, and the constant torque by 
the real part of i*-wG-i. 


fe = Real of i4*x,(js)a? — i2*xq(js)i? 20.37 
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The oscillating torques are found by substituting for i the instanta- 
neous values i = 4/2 (4, sin swt + Z2 cos swt) instead of complex numbers. 

When the amortisseur winding is absent, the equations represent 
(assuming smooth air gap) a two-phase induction motor running with a 
single-phase rotor (Fig. 20.2). = 


Sm 


Fic. 20.2. Two-phase induction motor with single-phase rotor. 


The Interconnection of Synchronous Machines * 


(a) The concept of “interconnection of axes’’ implies the intercon- 
nection of physical axes, such as brushes, slip rings, stator windings, 
etc. When the axes are hypothetical, such as the d, and Qa axes of syn- 
chronous machine armatures, their interconnection involves two steps: 

1. The actually existing axes a and b of the armature are intercon- 
nected by a C. 

2. The a and b axes of C are transformed into the hypothetical axes 
d and q by equation 6.11 so that a new C’ represents the interconnection 
of the hypothetical axes. 

(5) When two interconnected synchronous machines (Fig. 20.3) run 
at the same speed with the rotor of the second machine lagging behind 


§ % 
q! 
Fic. 20.3. The interconnection of hypo- Fic. 20.4. Rotating the 


thetical axes. . reference frame by a 
constant angle 6. 


_ that of the first by an angle 6 (the value of 5 depending on the load) the 

hypothetical axes d and q may be interconnected in one step by noting 
that the resultant current vectors i in the armatures of both machines are 
equal and have the same direction in space at each instant. Hence if in the 
second machine new reference axes d’ and q’ are introduced parallel to 
those of the first machine d, and q:, then the components of i are equal 
along the reference axes and the latter can be connected in series. 


* Doherty and Nickle, “Synchronous Machines, II,” Trans. A.I.E.E., 1926. 
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The transformation tensor rotating the reference axes dg and qo of 
Fig. 20.4 to d’ and q’ by an angle 6 (the same as in brush rotation, 
equation 17.4) is 


20.38 


d’ q’ 
—r — [xa(p) cos? § + x9(p) sin? 5]p +] [xg(p) cos? 8 + xa(p) sin? 8] po + 
+ [xg(p) — xa(p)]pé@ sin 5 cos 6 + [xa(p) — x9¢(p)] sin 8 cos bp 


— [xa(p) cos? 6 + x9(p) sin? 5]p9 + | —r — [x9(p) cos? 5 + xq(p) sin?s]p + 
+[xa(p) — x9(p)] sin dcos 8p) + [xa(p) — xq(p)]p@ sin 8 cos 3 


20.39 


ey — [cos 8 p — sin 6 PAG(pyE 
e, t [sin 6 p — cos 6 pé]G(p)E 


The coefficients of the £6 terms of (Z’-i’ — e,) give B’. 
(c) The transformation tensor that interconnects the hypothetical 
axes of two synchronous machines is 


ja) = yal 
42) = jg 
. y 20.40 
v=—1 

, 
qi = — 72 


(d) The shifting of axes and the interconnection of two machines 
may be performed in one step as 


20.41 


2} —cos 6/ sin 6 


qo | —sin 6 | —cos 6 
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EXERCISES 


1. Derive the value of xa(p), G(p), xq(p) (equations 20.25-20.27) when no amortis- 
seur winding exists on the synchronous machine. (Start with the original three equa- 
tions and eliminate the field axis.) 

2. Given the steady-state Z and e of two salient-pole synchronous machines, that is, 
Z;, Zo and e1, eg. What are the resultant Z’ and e’ of the interconnected system when 


ot 
ome BY 


direct 38 


Fic. 20.5. 


the second machine lags behind the first machine by angle 6? What is the torque of 
each machine? 

3. The direct and quadrature-axis quantities of a salient-pole synchronous machine 
are given (in per unit) in Fig. 20.5. 


(a) What are xa(p) and x9(p)? 

(b) What are xa(js) and xq(js) for s = 1, 0.75, 0.5, 0.25, 0? 

(c) If y = 0.015 and e = 1, find a4, i2 and the torque at the above slips. 

(d) Find xg and xq. 

(e) If E = 1.1 ande = 1, find the steady-state currents 7? and i% and the torque 
for 5 = 0°, 30°, 60°, 90°, 120°, 150°, 180°. 

(f) When running at synchronous speed on open circuit, the armature is suddenly 
short-circuited (eg = —1). What are the instantaneous currents and torques? 


CHAPTER 21 
THE REVOLVING-FIELD THEORY 


Transformations Necessary to Establish Equivalent Circuits 


(a) The study of rotating machinery and the understanding of their 
physical behavior are facilitated by two artifices: 


1. Locus diagrams. 
2. Equivalent circuits. 


A systematic study of locus diagrams by tensorial concepts has been 
undertaken elsewhere.* The tensorial method of attack offers also a 
powerful aid in establishing a group of stationary networks whose per- 
formance parallels practically any type of standard rotating machine, 
as far as steady-state behavior and small oscillations are concerned. 
Besides facilitating the visualization of physical phenomena taking 
place inside a rotating machine and offering computational help, an 
equivalent circuit also permits the determination of the steady-state 
and hunting performance with the aid of the a-c. network analyzer. 

(b) For any particular machine the equivalent circuit is established 
by finding a transformation matrix C that changes the asymmetrical Z 
into a symmetrical one. Three such transformations may be men- 
tioned here: 


1. The method of symmetrical components. 

2. The rotation of the reference axes by a constant or variable 
angle 6. 

3. Division of an equation of voltage by a quantity. 


Representation of Torque on the Equivalent Circuits 


A rather large number of equivalent circuits possess the disadvantage 
of not indicating the torque. Even those that do show the torque re- 
quire an elaborate derivation to prove the correctness of the represen- 
tation. Makeshift schemes such as subtracting the losses from the 
input have no more value as aids for visualization or computation than 


* A.T.E.M,, p. 160. 
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the equations themselves. The tensorial method of attack makes a 
clean sweep of this difficulty. 

As the torque is i-B (where B is the resultant rotor flux density G-i 
and where G contains inductances) by virtue of G, alsoiand hence G-i = 
B all being tensors, B must appear on any logical equivalent circuit as a 
measurable quantity, in particular as sets of differences of potential E. 
Similarly, the torque 


f=i*-B=i*-E = 7*E, +.77*E, + --- 21.1 


must be a quantity to be measured by adding up the indicated watt- 
meter readings. The components of E = B are to be determined by 
tracing out the voltage drops G-i on the equivalent network. 


Forward- and Backward-Revolving Fields 


(a) When on a layer of winding there are two axes at right angles in 
space (say d and q) each containing a-c. currents 7? and 7? of the same 
frequency, then each alternating current may be divided into a hypo- 
thetical forward- and a backward-rotating component by the method of 
two-phase symmetrical components (equation 9.11) 


@ = (i 4 i)/2 
t= — jG — #)/2 


The axes 1 and 2 represent the reference frame of the revolving-field 
theory; the axes d and q represent the reference frame of the cross-field 
theory. With the aid of the above C and its inverse (one such C for each 
layer of winding), the equations of one theory can be converted into those 
of the other by routine manipulations. 

In converting the equations of the two theories into each other with 
the aid of C it is important to remember that there should exist as many 
equations as there are physical axis. If some of the axes have already 
been eliminated by Z; — Zy°Zz'+Zs3, the two sets of equations cannot 
be transformed into each other by the given C. 

(b) As in stationary networks, the above C is valid only for the primi- 
tive machine. If the axes have different numbers of turns or are at an 
angle a or are interconnected with other coils, the above C has to be 
modified either by the steps shown previously or by a method equiva- 
lent to those steps. 
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The use of the above C eliminates certain components of Z (reduces 
Z to a diagonal form) only if r and L along the d and q axes are the 
same, in particular only if Z has the form 


dq 

dj Z Zi 
Z= C7-Z-C =} 21.3 

qd —Zy Z 


Such a case occurs in the rotor windings of machines with smooth air 
gap where 
1 2 


tr + jXp Xv tr + (A — v)jX;, 0 


0 tr + (1 + 0)jX, 


aA ,d tr + jX+ 


The real advantage of the use of this C shows up in the calculation 
of torque. 


Two-Phase Induction Motor with Unbalanced Voltages 


(a) Let unbalanced voltages be impressed on the stator of a balanced 
two-phase induction motor. Since its C is the unit tensor (Table Va), 
replacing p by jw and p@ by va, 


d, d, qr ds 
ls +jXs jXxm 
jXm tr + jX- Xp X mv 
—X mv —Xv | tr +iX- jXm 
jxm Ts + 5X5 


€gs 21.5 


The equations of the cross-field theory are e = Z-i and f = Real of 
i*-wG-i. 
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(6) Let revolving axes 1 and 2 be introduced on both stator and 
rotor (Fig. 21.1). 


428 = (ais + 478) /2 
4a" = (i sf 477) /2 
au” = —j(i'" = a") /2 


iw = —j(i} _ 478) /2 


Fic. 21.1. Forward- and backward-revolving axes. 


By C;-Z-C and Cr-E 
1, 1, 2s 2, 


ts + jXs jXm 
IXm(1 — v) |r + 5X(1 — 2) 
ts +jXs jXm 
jXmU + 2) Ire + 9X1 + 2) 


21.8 


1, 1, 2. 2r 


e’ = 3 eds + jegs eds — jegs 21.9 


Each revolving field acts as if the other were not present. Note in Z’ 
that no mutuals exist between axes 1 and 2. 


TWO-PHASE INDUCTION MOTOR WITH UNBALANCED VOLTAGES 171 


(c) If in Z and e the row 1, is divided by 1 — a and the row 2, by 
1 + v (the currents remain thereby unchanged), 


Ts + jXs 


1, 
_ (GX nt® + jX a" 1, Er 
Sa 21.11 
2s 
jx mie + jx: et 2r For 


f = Realofi’*-E’ = R(@"*Ei, + 47** Kor) = Wir + Wor 21.12 
As Z is symmetrical, its equivalent circuit may be established as 
shown in Fig. 21.2 (X, = x; + Xmand Xr = %, + Xm). The two se- 


quence networks are independent. The torques are measured by two 


ifs ixs jx, 


f, Is 


Fic. 21.2. Equivalent circuit of an induction motor 
on unbalanced voltages. 


wattmeter readings, representing the difference in the rotor losses of 
the two sequence networks. 

It is customary to leave out the 4 in Z’ and G’ (but not ine’). In 
that case the currents are half of the shown value and f is the torque per 
phase. 
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(d) Since no e.m.f. is impressed on the rotor, the rotor axes 1, and 
2, may be eliminated so that by Z} — Zo-Zz!-Zz 


1, 2s 


rs +jXs + 


21.13 


wheres = 1-—vand2—s=1+». AlsoZ, = positive-sequence re- 
actance and Z. = negative-sequence reactance. 


Three-Phase Induction Motor with Unbalanced Voltages 


(a) Let it be assumed that both stator and rotor of the induction mo- 
tor are three-phase. Then along the d, q, and 0 axes the Z, G, and e 
tensors are the same as those of the two-phase motor, except that in Z 
two additional zero-sequence rows and columns are introduced with 
Zo = 10 + jXo. 


d, d, qr qs 0, 0; 


Z=4, 
21.14 


The G tensor remains the same as equation 21.5. 
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If the d and q axes are transformed to 1 and 2 (or rather if d, q, and 0 
are transformed to 0, 1, and 2), the C has the same form as before, 
equation 21.6. 


0, 1, 22 0, 1, 2 


21.15 


(b) If the steps of the previous section are repeated, that is, if Z’, G’, 
and e’ are calculated, the same results are found as before except that 
Z has an additional 0, axis. Leaving out $ in Z’ (but not in e’) and 
eliminating also the rotor axes 


0; €o 
e’ = 1, ey 21.16 
23 é2 


where Z;, Zo, €1, and eg are defined in equations 21.13 and 21.9 and 
Zo = Ys + jxos- All constants 7,, Xs, Xm, Xr, and 7, are for one phase 
(line to neutral). 

The currents are found by i = Z~!-e and the torque per phase by 
the real part of i*-wG-i. 

(c) When a three-phase induction motor operates under unbalanced 
condition, it is necessary to express its performance in terms of se- 
quence currents, since then the torque calculation is comparatively 
simple (G”’ has only two non-zero diagonal components). In any other 
reference frame G has nearly nine components. (For additional exam- 
ples see A.T.E.M., p. 59.) 


The Capacitor Motor 


(a) If the cross-phase turns are a times the main phase turns, then C 
has unity in all diagonal components, except a in axis qs, Table VI-5. 
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If an impedance Z is added to axis q, (Fig. 21.3) (Z represents any dis- 
symmetry in the impedances of the two stator windings, also any added 
condenser), Z’ and G’ of the resultant system are 


d, d+ ar 4 d, d, qr Qs 


tr +jXr| Xv aX mV 


—X,0 |r, + jXr ajXm 
ajXm \a*(re+jXm) +Z 


21.17 


where Z = R+jX and (if rs = req and X~ = ea) 


R = (eq — tea?) + Re =X = (Xeq—Xeaa”) — X_ 2.1.19 
so that 
Se 


a? (reat jXea) + Z= Tq + Re + jXeq — jXe 
The equations e’ = Z’-i’ represent the cross-field 
E z, theory of the capacitor motor. 
€q 


(b) In order to introduce revolving fields in 
both stator and rotor, tt is first necessary to change 
back the Z’ of the capacitor motor to that of the primi- 
tive machine by Cz" and then only to use the stand- 
ard Cy of the revolving-field theory. Thereby the C changing from the 
cross-field to the revolving-field theory is C = Cy'-Co, where 


Fic. 21.3. Capacitor 
motor. 
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Hence the resultant C = Cj!-C, is 


428 oh (ais as 428) /2 
dr = lr -Qr 2 
; be si Z v C=C;'-C, =} 
qv” = —j(i"" — 77") /2 
ue = —ja"* — 0”*)/2a —j/a| j/a 
By C/'-Z-C, etc., 21.21 
1, 2s 1, 2, 


te +jXe+Z/4a* 
—Z/4a? rs + jX, + Z/4a 


IX m 


(ea + jeg/a)/2 
(ea — jég/a)/2 
e’ = Pe er al | 21.24 
—(jXmi*® + jxX,i"") /2 


(GX mi® + jX 47") /2 


(c) Since in Z’ the reactance Z occurs in each component, both cur- 
rents 7/* and i?* must flow through it. Hence the equivalent circuit of 
the capacitor motor is that of Fig. 21.4c. 


& es 
Dp.-. 
(a) 


Fic. 21.4, Equivalent circuit of the capacitor (or split-phase) motor. 


The current flowing through Z/2a? is jai#*. The main phase current 
is 77° = (g!* + 4?) /2, The losses in r,/s represent the positive sequence 
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torque per phase and those in 7,(2 — s) the negative sequence torque 


per phase. 
(d) Eliminating the rotor axes 1, and 2,, just as in the unbalanced in- 


duction motor, then multiplying Z’ by 2 (but not e’), the result is 


21.25 


where Z’= Z/2a?, also Z, is the positive-sequence reactance and Zz is 
the negative-sequence reactance defined in equation 21.13. 


ts ix $s ij Xr 


Fic. 21.5. Equivalent circuit of the single-phase induction motor. 


(e) In special cases this equivalent circuit of the capacitor motor re- 


duces to well-known circuits. In particular: 

1. When Z = Oanda = 1, the equivalent circuit becomes that of the 
balanced induction motor under unbalanced voltages, Fig. 21.2. 

2. When Z = 00, the circuit reduces to that of the standard single- 
phase induction motor, Fig. 21.5. 


CHAPTER 22 
POLYPHASE MACHINES* 


Ignoring Half the Axes 


(a) When the air gap is smooth and the windings along the d and q 
axes are identical, Z and G of the primitive machine are 


ds d, qr qe d,s d- q 4s 


te+Lsp| Mp 
Mp |r +L,b| L,pé Mpe 


—Mpe | —L-p0 |rr- + Lp, Mp 
Mp te + Lep 


Much labor may be saved in the study of polyphase machines with 
smooth air gap by deriving their equations from that of a “primitive 
polyphase machine’ containing only the windings of one of the phases, 
say those of the direct axis. 

(6) Since all phenomena in the quadrature axes are identical to those 
in the direct axes, except that they take place 90 degrees later in time, 
at any instant i? = —ji4. Hence, for the above primitive machine, let 
the following transformation be introduced: 


d,’ d,- 


is = 74" /4/2 
gar = G8’ /4/2 

— ji" /V/2 
o = — jit" //2 


* A.T.E.M,, p. 50. 


22.2 
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Note that, except for the factor of 1/ /2 , this transformation is iden- 
tical to the positive-sequence portion of the method of two-phase sym- 
metrical components, namely, equation 21.6. 

(c) Another interpretation for this transformation may be given by 
finding the new voltage vector e’ 


dy | eas? 1 dg | eas + jegs 


=, Al pa 
/2 d, | @dr v2 d, | ear + jer 


22.3 


This point of view states that, if the four currents and voltages in the 
four axes are real functions of time, they may be replaced by two cur- 


ds2 
4," dsi fe 
dr 
dr2 
i) c \ 
Fic. 22.1. The Fic. 22.2. The 
primitive poly- primitive poly- 
phase machine phase machine 
with two layers with four layers 
of windings. of windings. 


rents and voltages that are complex functions of time. Then the real 
parts of the new e’ and i’ give the direct axis quantities and the imagi- 
nary parts give the quadrature axis quantities. 

Both points of view lead to the same set of equations. 


The Primitive Polyphase Machine 
(a) By Ci -Z-C and C;'-G-C, equations 22.1 become (Fig. 22.1) 
d, d, d, d, 


re + Lep Mp 
22.4 


M(b — jp8) |r + Lr(b — jp) 


representing the Z’ and G’ tensors of the primitive polyphase machine 
with two layers. (Because of the smooth air gap, —jL, should be neg- 
lected in computations. In establishing equivalent circuits, however, 
—jL, must be included, so that G should be a tensor.) 
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(b) The results represent a theorem that a set of real equations of the 
forme = Z:i 
d 
i= 22.5 
q 
may be replaced by the complex equation 
d 
and vice versa. (A.T.E.M., p. 147.) 
(c) By a similar transformation the Z of the primitive polyphase ma- 


dl ea d 
e= Z = 
d d 
chine with four layers is (Fig. 22.2) 


d.e dei dy d,2 
rs + Leop Miop Mop 
M.p 731 + Lap Miup Maip 
SS O22 
M,(p 7 jp) 
Mi(p — jp9) ra + La(b — jpe) 
c= 22.8 


For steady state, when all axes have fundamental frequency currents 
in them, p = jo, p — jp = jws = jw(1 — 2»). 


Synchronous Machines 


(a) When both stator and rotor axes rotate with the rotor, as in a 
synchronous machine, the equations are the same as when the axes 
stand still on the stator, except that axis s becomes f (field) and r be- 
comes a (Fig. 22.3). The direction of rotation p60 also changes sign (see 
Fig. 16.11). Hence 
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22.9 


(6) When both 7 and 7? are assumed to be constant, then, in equation 
q 22.9, p=0. The first equation gives irr = ey or 
f 1¢ = es/r7. The second equation gives 


€a — jt! Mp0 = (rq + jLap6)i* 


a a 


That is, the excitation in the field appears as an impressed voltage 
— ji‘ Mp0 in the armature (a vector along the negative q axis, as shown 
in Fig. 21.4a). 

(c) When the synchronous machine is an infinite bus, its rg and L, 
are zero. Hence from equation 22.10 


Fic. 22.3. Poly- 
phase synchron- 
ous machine. 


€a = ji‘ Mpe 22.11 


This is the voltage impressed by an infinite bus upon the rotating axis of 


ezinternoi generated = 
external impressed 


& ean 
U & \ 
e, a bus ipa jXo exe 
x 7 Wee a 
~ a 
ae § 
-j 
(a) (0) C2é e 
Alternator. Infinite bus. | | 


Fic. 22.4. Polyphase alter- 
nator connected to infinite 
bus. 


Fic. 22.5. Equivalent cir- 
cuit of the polyphase alter- 
nator on infinite bus. 


a polyphase machine (if its d axis is drawn along the field pole of the 


infinite bus). 


(d) When an alternator is connected to an infinite bus (Fig. 22.4), the 
voltage impressed by the infinite bus along its own field axis qe ise 9 = 
jv Mop, (equation 22.11). As viewed from the alternator, eg lags be- 
hind e; by an angle 6. Hence during steady state 
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a a 


where e; = ji®M pA. 
The equivalent circuit is given in Fig. 22.5. For a motor 6 becomes 
negative. 


Polyphase Machines with Unit Transformation Tensor 


1. Sherbius Advancer (Fig. 22.6). Only the row and column of d,, of 
equation 22.7 are used. When p = jw and p6 = vw, 


d, 
Z=d4,) rt +9X-(1 — v) ena] | 
d, 
wG =d,] —jX, 22.13 
5X, 
rr 
e ad 
s § 
Fic. 22.6. Scher- Fic. 22.7. Equiv- 
bius advancer. alent circuit of 
the Scherbius ad- 
vancer. 


When the rotor is above synchronism, 1 — v is negative and the rotor 
acts as a condenser. 
Dividing Z ande by 1 —v=s, 


Z = de)" +5%, eeu é 22.14 


f = Real of i*-E = i-E* 


The equivalent circuit is Fig. 22.7. 

2. Double Squirrel-Cage Induction Motor (Fig. 22.8). The last three 
rows and columns of equation 22.7 are used. During steady state p = 
jw. Dividing the second and third row by s, 
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s rT T2 


ts + jXe jJXmi jX m2 


. fr. . e 
jXmi = +5Xn jX mr 


oG =f; 


. a r. . 
jX m2 IX mr = + jxr2 


Since Z is symmetrical, it may be represented by the equivalent sta- 


= 


Fic. 22.8. Equivalent circuit of the double squirrel-cage induction motor. 
tionary network with three meshes shown in Fig. 22.8, where Xm = 


Xs = Xm + Xs Xrq = Xm + Xr + x2 
Xn = Xnt+ x+ x4 Xmr = Xn t+ Xr 


f = Real(i!*E,, + 27?*E,) = (a7! + 77?)*By 


The Shifting of Polyphase Brushes 


When a set of perpendicular brushes is shifted by an angle a, Fig. 
22.9, the first row of their C is 


m n 
C=d,] cosa | —sina 22.16 
Fic. 22.9. Shifting a Since * = — jv", C becomes 
polyphase brush. 
d, 


m m 


Hence in polyphase machines clockwise rotation of axes is represented 
by e'* and a counterclockwise rotation by «7%. 


POLYPHASE COMMUTATOR MACHINES 183 


Polyphase Commutator Machines 


1. Shunt Polyphase Commutator Motor (Fig. 22.10) 
ds a 


22.18 


The presence of &* makes Z asymmetrical. Transforming it, how- 
ever, by C’, the symmetrical Z” is 
d; d, 


Fic. 22.10. Shunt Fic. 22.11. Equivalent cir- Fic. 22.12. Series 
polyphase com- cuit of the shunt polyphase polyphase com- 
mutator motor. commutator motor. mutator motor. 


The equivalent circuit is that of Fig. 22.11. The machine 2” is found 
from i” of the equivalent circuit by i* = en 
d, d, 


2. Series Polyphase Commutator Motor (Fig. 22.12) 


d, a d, d, 
d, d, 
Co = | C = Ci-C, = | 22.20 
a d, 
d, d, 


wre + jXs) + tr ene e (eee 
+ IsX, + jnXmlet + seje) | OO > % aa 


Its equivalent circuit is a variable impedance. 
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EXERCISES 


1. Express the real equation e = Z-i of the primitive machine with smooth air 
gap, given in equation 22.1, as a set of equations with complex coefficients, in the 
manner of equation 22.6. 


2. Find C, Z, and G of the polyphase motor of Fig. 22.13. What is its torque? 


Fic. 22.13. Fic. 22.14. 


3. (a) Find Z, e, and B of two polyphase alternators in series, F ig. 22.14, the second 
lagging the first by a constant angle 3. 

(b) Find the torque of each machine. 

(c) Find the equivalent circuit of the system. 


CHAPTER 23 
ROTATING REFERENCE FRAMES* 


C as a Function of Time 


(a) Hitherto it has been assumed that the reference frames were 
(1) either all stationary in space (all fixed to the stator) ; (2) or rotating 
together with the same speed as one of the members (all fixed to the 
rotor). 

The next point to investigate is how to establish the equations of a 
machine if the reference frames are not fixed to one member but rotate 
at any arbitrary velocity pé’. (The velocity of the rotor conductors 
will still be denoted by 8.) 

(b) The first step is to establish C of a rotating frame. If the 
stationary axes d and q on Fig. 23.1 are to be replaced by the rotating 


d ° 
Fic. 23.1. Transform- Fic. 23.2. Trans- 
ation from stationary to formation of poly- 
rotating axes. phase axes. 


axes a and b, their C is analogous to the case where a and b are sta- 
tionary (equation 17.4). 


23.1 


except that now 6’ ts a function of time and pC = dC/dt is not zero. 


For a balanced polyphase machine in analogy to equation 22.17 
(Fig. 23.2.) “ 


c=a| | 23.2 


(c) This is the first time when a C is encountered whose components 
are not constants (real or complex) but functions of time. 


* A.T.E.M., Parts VI and VII. 
185 


186 ROTATING REFERENCE FRAMES 


(2) Now, when the components of C are functions of time, the laws of 
transformation of physical entities in general are more complicated than 
those hitherto shown. 

The Law of Transformation of Z 
It will be proved presently that the law of transformation of Z is 


Z’ — C -Z-C C -L- ai 0’ Z, — C C L C: ) (as Q’ 
t t a6’ p a’ Bp’ abe’ Ug abe’ 06’ p 


where C is a function of @’ and 6’ is the velocity of the reference frame. 
That is, now L (the coefficients of pf terms) also have to be used. 
Because of this more complicated law of transformation, Z is no longer 
called a “‘tensor’’ but a “geometric object” (an entity whose existence 
depends on the reference frame used). 

The law of transformation of all other tensors hitherto introduced, 
namely i, e, P, R, L, and G, are unchanged, and they are still called 
tensors, even though the reference frame rotates. 

In rotating machinery it is often found that the transformation is 
“orthogonal,” that is, C*-C is the unit tensor. In such cases C/'-Z-C 
is often identical with Z and only the second term of equation 23.3 
need be calculated. 


A Quick Way of Transforming Z 


When the transformation is not orthogonal, some labor may be 
saved by assuming that during the multiplication of Z with C the 
order of the components is preserved. Then it is possible to write for 
the law of transformation of Z 

Z! = CP +Z-C | Zag = C2 ZapCh, 23.4 
where the p in Z now refers to all-terms to the right of it, that is to C 
(and i) but not toC;. After multiplication each term may be expanded 
into two terms. For instance, a component of Z’-i’ may have the form 
M sin 6 p cos 6’ i* (where cos 6’ came from C and sin 6’ from Cf). 
Hence p refers to both terms cos 6’ 7%. If the term is expanded, it 
becomes M sin & p (cos 6’ i*) = M sin 6’ cos 6’ pi* — M sin? 6’ po’ 
@. It is this last term that would have come from the use of 
Cy -L-(dC/a0’) po’. 


The Large Variety of Reference Frames Possible 


In balanced polyphase machines it is advantageous to introduce 
reference frames rotating with the fluxes (or impressed voltages) since 
then all currents and fluxes become constant in magnitude and it is 
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possible to establish an equivalent circuit for the machine. In hunting 
studies the use of such a reference frame is imperative. 

A great variety of reference frames is possible, their selection being 
influenced by the manner of interconnection of the machines. For 
instance, if both stator and rotor have rotating e.m.f.’s impressed on 
them, then: 

1. Both stator and rotor reference axes may rotate with the stator 
e.m.f. (or flux). 

2. Both may rotate with the rotor e.m.f. 

3. The stator axis may rotate with the stator e.m.f. and the rotor 
axis with the rotor e.m.f. 

Even though the two e.m.f.’s rotate at the same speed during 
steady state, still during hunting their speed is different and the 
equations of hunting depend upon where the reference axes are 
attached. A judicious selection of the reference frame may allow an 
easy solution of an otherwise prohibitively long problem. 


Double-Fed Induction Motor 


(a) In many speed-control systems the stator of an induction motor 
is connected to a synchronous machine running at a fundamental 
speed 6, and the slip rings are connected to another synchronous 
machine running at a slip speed p63. In that case the stator and rotor 
fluxes both run at a synchronous speed with a constant angle 5 between 
them. Let both stator and rotor reference axes be attached to the 
revolving stator flux. 

The tensors of the primitive machine of the induction motor with 


smooth air gap are 
d, d, qr ds 


te + Lsp Mp 


Mp tr + Lrp L,pé Mpée 
; : 23.5 


— Mp, —L,p02 | tr + Lp Mp 
Mp fe t+ Lep 


23.6 
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d, | —e, sin 0; 
d, | —e3 sin (62 -+ 63) 
= -—_—__—_——. 23.7 23.8 
qr €3 Cos (2 -+ 63) 
ds €1cos 4, 


where e; = i“M,p0, and e3 = 1*M3p65 (compare 
with equation 24.16). The velocity of the rotor of 
the induction motor is p@); those of the synchronous 
machines, p6, and p63. 

(b) Let a reference frame be introduced rotating 
Fic. 23.3. Induce With a velocity 6, with respect to the stationary 
tion motor with reference axes. Then by equation 23.3. 

rotating axes. 


23.9 


23.10 


Now C;-Z-C happens to assume the original form of Z, equation 
23.5. But 
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The sum of equations 23.5 and 23.11 is 


as a, b; bs 
rs + Lep Mp —Mp | —Lep fi 
M. rt L, —L,p6s5 —Mpes 
pi p ied ot (Wiel Gan es se 23.12 
Mpé, Lp, 1, + Lrp Mp 
Lsp61 Mpe; Mp te + Lep 
23.13 


where the slip speed is p0, = p60; — p02. The torque is M(i%i27 — 
4°*7°T) and 

As a, b; bs 
1 23.14 


e’ = C;-e = —egz sin 6 e3 cos 6 


where 5 = 62 + 03 — 6, = the angle between the two fluxes. 

From the new axes a and b it appears that the rotor rotates with a 
slip velocity 0, and the stator with a fundamental velocity »6,, both 
in counterclockwise direction. 

(c) Since the impressed voltages are constant during steady state, 
all p in Z become zero and 


as ar b, be 


23.15 
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as ar b, bs 


23.16 


In i’ = Z’—!-e’, i* is the in-phase component and 72” is the out-of- 
phase component of the stator current. 


EXERCISES 


1, Find equation 23.12 from 23.5 with the aid of equation 23.4. 

2. Transform equation 23.12 back to the original equation 23.5 with the aid of C71, 

3. Express C of equation 23.9 as a tensor with complex coefficients having only 
two rows and columns. 

4. Transform Z of the primitive polyphase machine, equation 22.4, with C of 
exercise 3 by using equations 23.3 and 23.4. (The result should be the complex form 
of equation 23.12.) 


CHAPTER 24 
HOLONOMIC REFERENCE FRAMES 


Axes Rotating with the Members 


(a) A very important special case occurs when the axes are rigidly 
connected to their particular members and rotate with them. Such 
a reference frame may be assumed on the slip-ring induction motor 
and on the synchronous machine. In the synchronous machine the 
armature axes are then stationary and the field axes rotate with the 
field. Because many practical machines can be derived from it with 
the aid of a C, a machine with axes rigidly connected to the members 
will be called the “‘primitive machine with rotating axes” or the 
“second primitive machine.”’ 

When the reference frame is rigidly connected to the members (be 
they stationary or rotating) the equation of voltage reduces to the 
special case (to be proved presently) 


e! = Ri! + p(L’-i Car = Rargit” + p(Larpit’) 
e’ = R’-i’ + po’ Cat = Rag” + pow 


No rotor-generated voltage B@ exists (or rather none is defined) 
and the equation of voltage is the same as that of a stationary net- 
work. However, p refers not only to i but also to L, which now is a 
function of 6. When all expressions are expanded so that p refers 

only to i, the equations assume the usual form involving Gpé-i. 
_ (6) The torque may be expressed as either 


24.1 


fi =i'-Gei fi= Gargt” 
or 
aT’ 1. aL’ aT’ 1 OLap wa 
on at gat | apa ag te oe 


since the kinetic energy is 
T’ =4hi'*-Lei’ | To = 4 Lagi’? 24.3 


(c) These equations (valid for the special case of rigidly connected 
reference frames) are due to Maxwell. The reference axes are called 
“holonomic’”’ axes. It is emphasized that these simplified equations 
are not valid for any other type of reference frame. 
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The Second Primitive Machine* 
(a) Instead of transforming Z of the first primitive machine, it is 
simpler to transform its L by C,;-L-C to give L’.. Then 
Z=R+ Pl’ | Zag = Rag + plage 24.4 


Fic. 24.2. Alternator with 


Fic. 24.1. Second primitive 
stationary armature axes. 


machine. 
(R’ is C,-R-C and has the same form as R.) Hence 
ds a b qs dg d- qr 4s 


cos @ | —sin 6 


24.5 


sin @ cos 6 


Las My cos 0 -— Mga sin 0 
Macos 9| Lg + Lp cos 26 —Lp sin 26 My sin 6 94.6 
—My, sin 6 —Lp sin 26 | Zs — Lycos 20| M, cos 6 ; 
0 M, sin 0 My, cos 0 Les 
La + L Lar - L 
where = Ls = ae and Lp = an 
For the synchronous machine of Fig. 24.2 (e, = Zg-i) 
dy a b ay 
— Lay — Mga cos @ — Mga sin 6 0 
—Macos 6)/—Lg — Lp cos 28 —Lp sin 26 My, sin 6 
L,= $$$ | a 24.7 
— Mg sin 6 —Lp sin 26 —Lg + Lp cos 26] — My cos 6 


0 M;, sin 6 —M, cos @ —L ys 


* A.T.E.M,, p. 71. 
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The impedance tensor R’ + pL’ is 
d, a b ds 


tas + plas Map cos 6 — Map sin 6 0 


Map cos 6 |r, + p(Ls + Lpcos26) —Lpp sin 20 Mop sin @ 


—Lpp sin 20 r, + p(Ls — Lpcos26)| Mgpcos 6 


Mop sin 0 Mp cos @ qs + Losh 
24.8 
where ? refers to all @ terms and to 7. 
(b) To find the torque by 1/2 i’ -(dL’/a0)-i 
ds a b Ge 
0 — Mg sin 6 — Ma cos 6 0 
—Masin 6| —2Lp sin 20 —2Lp cos 26 M, cos @ 
See es er ie ee 24.9 
—Myzcos 6} —2Lp cos 26 2Lp sin 20 — My sin 6 
0 M, cos @ — M, sin 0 0 
The torque may also be found by i’-G’-i’ where G’ = C;-G-C = 
d, a b Qs 
— Mga sin 6 —Lp sin 26 Ls — Lp cos 286 
G = 24.10 


— Ma cos 6|—(Lg + Lp cos 26) Lp sin 26 


The Second Primitive Polyphase Machine* 


When a machine with a smooth air gap has a pure rotating field on 
both stator and rotor, then (Fig. 24.3) 


d,; a d,s a 

ds d, Ls M 
C= L= — 24.11 

d, a} M| a 


* A.T.E.M., p. 74. 
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d, a 


Fic. 24.3. Second Fic. 24.4. Poly- Fic. 24.5. Alter- 
polyphase primitive phase synchron- nator with con- 
machine. ous machine. stant excitation. 


This Z’ and G’ are the same as those of the slip-ring induction motor. 


Torque = f’ = Real of i’*-G’-i’ 24.13 


Polyphase Synchronous Machine with Constant Excitation 


If the primitive machine is looked upon as an alternator with 
stationary armature axes (Fig. 24.4), then d, becomes a (armature) 
and a becomes f (field). (There is no need now to interchange the two 
members.) . f 


tat+pla| pMe? a 
pMe0 | ry + ply fi ey 


24.14 


(b) If the excitation i’ is assumed to be constant the first equation 
becomes independent of the second 


ea = (je? po Mil + (ta + pla)i® 


Eliminating the field axis, the tensors along the statzonary armature 
axis a are (Fig. 24.5) 


a a a 
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(B is the coefficient of all p@ terms, carried over to the right-hand side 
of the equation e = Z:i.) 

(c) If the synchronous machine acts as an infinite bus (74 = La = 0) 
then the voltage impressed upon a machine with axis a connected to 


the infinite bus is 
a 


EXERCISES 


1. Show that the torques of the second primitive machine found by equations 24.9 
and 24.10 are equal. 
2. On the second primitive polyphase machine, Fig. 24.6, let four axes exist: 


(a) The stationary stator axis d,. 

(b) The rotor axis a with a velocity pé. 

(c) The stator flux f, rotating with p@, with respect to the stator axis ds. 
(d). The rotor flux f, rotating with pé@, with respect to the rotor axis a. 


Fic. 24.6. 


Find the following C’s and their inverse: 


(a) From d, to f,. 
(b) From a to f,. 

(c) From d, to f,. 
(d) From f, to f,. 


CHAPTER 25 
SPEED CONTROL SYSTEMS 


Changing Rotating Axes to Stationary Axes 


Induction motors and synchronous machines are used in con- 
junction with a-c. commutator machines to produce desired speed and 
power factor characteristics for the drive of industrial loads. If each 
machine is a balanced polyphase machine, in the presence of slip-ring 
induction motors Z’ and G’ contain ¢® terms. Such terms may be 
eliminated if after interconnection the slip-ring axes are replaced by 
stationary axes or if all axes are assumed to rotate with the fluxes. 

If two or more of the machines run in synchronism, then, after 
elimination of ¢®, usually their difference 67% ~ ¢? = ¢/ remains, 
containing the constant angular displacement 6 between the machines. 

To establish an equivalent circuit for the polyphase system it is 
desirable that: 


1. All reference axes should rotate together (no variable angle 6 
should exist between them). 

2. All axes should be parallel (no constant angle 5 should exist 
between them). 


Power-Selsyn Systems 


(a) Let two induction motors be interconnected as shown in Fig. 
25.1. When machine 2 (transmitter) is driven, the other (receiver) 
runs at the same constant speed with a constant angle of lag 6. 


25.1 


Receiver. Transmitter. 
Fic. 25.1. Selsyn system. 
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Before interconnection 
det al dso ae 


131 + Leip M: pe 
Mype71 tri + Lap 


Se : 25.2 
rat Lep | Mopeo 
Mope72 |r + Lap 
rea + Lead Mype™ 0 
Mype* | ra + ra + (La + Lr)p |— Mope 7 25.3 


— Mope® rea + Leap 


Transforming from the rotating axis a, to the stationary axis d,; 
(Fig. 25.2), 


4, SS 1.2. 
25.4 

Fic. 25.2. Selsyn with sta- 

tionary rotor axes. 
by C7 -Z-C (p in Z referring to C but not to C;) 

det dy dso 

dai} 71 + Leip Mip 

Z! = dy | 1 Mype | rey + ree + (Lr + Lrg) ei pe 71 | — Mgeipeie 25.5 


diz 0 — Mopei2e—i1 re + Loop 


But p(e 7%) = «?(p — jpd)i. Also 62 — 6 = 6. Hence after 
expansion 
dei dri dee 


ro + Leop 
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(6) Since in every axis fundamental frequency currents flow; 
b = jo, p — jp = jw(1 —v) =jws. As no Voltage is impressed 
in axis d,;, the whole row of d,, may be divided by s. Hence during 
steady state 
det dy daz 


doi [rer + 7X01 jXmi 0 ée1 
Z’ = dy (re + r2)/s + i(Xn + Xn) —jXme | e = 25.7 


deo —jXx. mae? rsa + jx 82 ben 


Equivalent Circuit of the Selsyn System 


The Z’ in equation 25.7 may be brought to a diagonal form by 
shifting the axis of dsz by the constant angle 4 (Fig. 25.3). 


du AS dx dy dae 


25.8 


Fic. 25.3. Shifting the stator 
axes. 


so that by C3,°Z’+Cs the symmetrical Z"" is 
dai dy dye 
jXm1 
IXm1 | (tri + t72)/s + j(Xr1 + Xia) 
—jXm2 


re 20.0 


VARIABLE-SPEED DRIVE 199 
The torques are the real parts of 
f= t*En fo = i '*E 9 


The corresponding equivalent circuit is shown in Fig. 25.4. The 
actual current i°? in the machine is i*? = 7°?’ e®. The same result 


litre 
$s 


iXs2 's2 


= (34 


}Xr2 


: ae 
e, §jXe jiXm2 eset 


Fic. 25.4. Equivalent circuit of the Selsyn system. 


would have been found by performing the three transformations in 
one step by C = C,-Co-Cz. 


Variable-Speed Drive 

(a) In a variable-speed drive two synchronous machines (the first 
supplying the electrical power) and a slip-ring induction motor 
(driving the load) are connected as shown in Fig. 25.5. 


Alternator. Induction Synchronous 
Motor. Motor. 


Fic. 25.5. Fan drive. 


If during steady state the speed of the first machine is 1 and that of 
the induction motor is v, then the synchronous motor speed is 1 — 
vy = 5. There is a constant angular displacement 5 between the two 
induction motor fluxes that run with speeds of 1 and v + s. 

Before interconnection the transient tensors are (equations 24.12 
and 24.15) 


ss jf) Mypere"% 


= ji 3M3p03 ¢i0s 


25.11 
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25.12 


When viewed from inside the induction motor, the reference axis 
Sg stands still on the stator (velocity 0) and rp rotates with the rotor 


Fic. 25.6. Rotating armature axes. 
(velocity p62). Let both reference axes rotate with the rotor flux, which 


rotates with respect to the rotor with a velocity p63. That is (Fig. 
25.6), let 


25.13 


The resultant C is 


e162 +63) 


= 7 Geto) 


C = Cy-Cy, = 25.14 
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(c) By C/-Z-C (where p refers to C but not to c*) and by Cf-e, 
Cr -B, etc., < 


s r 


iis sini t+ reo + (Li + Lea) lp + 7( p62 + p6s)] Mip + j(pe2 + p43)] 


r Mo(p + jp9s) ra +13 + (Lie + Ls)(p + 9s) 
25.15 
Bi, = sf ce 72t oso 731 My 
— Gat 63-61) 731M pO, 
e’ = en 
—jil3M3p6s3 
B3 =r ji3M3 


(d) During steady state all currents are constant (as viewed from 
the frame), p = 0, also p6: + p03 = w and pé3 = sw. If 0 + 63 — 
6, = 6 is the constant angle between the stator and rotor fluxes in 
the induction motor and if the axis r is divided by the slip s, 


s r 
ryt ree + j(X1 + Xe2) jX ma s | ee 7? 
$$$ $$$ |—_—_—___—__———__] e’= 25.16 
r ra, rj e 
ats + j(Xn + Xs) : 
ae 
| eae | 
_ 
' i$ ' 
ro 
! = | 
! Alternator | | Induction motor | | Syn motor 
mmm meme = =! ‘ bnna ee aeconccecosn aa 3 ery 4 
Fic. 25.7. Equivalent circuit of the fan drive. 
where e; = —jiXnip0:. The equivalent circuit of the system is 


shown in Fig. 25.7. The torques are the real parts of 


fi = v*E, fo = U*E, fg = U*Es 25.17 
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The steady-state equations and the equivalent circuit would have 
been the same (except for e’) if both reference axes had rotated with 
the stator flux. In that case 


25.18 


EXERCISE 


1. Find C, Z, i, and the torque of each machine of the following drives (all poly- 
phase machines), Figs. 25.8-25.11. 


Fic. 25.8. Two induction Fic. 25.9. Differential Selsyns. 
motors in cascade. 


Fic. 25.10. Variable-speed Fic. 25.11. Variable-speed 
drive. drive. 


CHAPTER 26 


DERIVATION OF THE EQUATIONS FOR GENERAL 
ROTATING AXES 


The Relative Concepts of Induced and Generated Voltages* 


Let the first primitive machine with stationary axes be considered. 
In changing i to i’ by i = C-i’ to axes rotating with any arbtirary 
speed, let it again be assumed that the power input is the same when 
measured in either the rotating or in the stationary frames. That is, 
let it be assumed that the power input is invariant under the transforma- 
tion. Then by equations 6.1 and 6.2 e is transformed as e = Cree’. 

(a) The part of e = Z-i that contains p = d/dt is e; = L-fi, the 
induced voltage. Let the method of transforming the induced voltage 
to a frame rotating with p6’ be investigated. 


di di? 
Given: e=L- a €a = Lag a 26.1 
Let i= C.i’ P= Chi” 26.2 
and 
e = C;!-e’ Cx = Cr eq! 26.3 
where C is a function of 6’. Substituting i and e into equation 26.1, 
7 d(C:i’) d( Chri") 
C;!-e’ =L- + = Log ———— 
dt Co bal 
di’ di?’ dC 
-1-(c.# 4%) = Lago & 4 SE #') 
ae ab\ Cn a ta 


Since C is a function of 6’, 


dC acde’ ac 


/ 


(As 8C2,/dx7’ is an object of valence 3 in every frame, in direct nota- 
tion its product with other tensors cannot be represented in an easy 


* A.T.E.M,, p. 61. 
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manner. Hence in direct notation only one velocity p6’ =v’ is 
assumed; in index notation, any number px’ = v%’.) Substituting 


: di’ ace 
C2'eq = Lag (ct pet i”) 


Cri-e’ = L. (c. a + he «'p0') 


dt ae” dt ax” 
Multiplying by C, = Cz, 
7 di’ oC ,, ‘ = ae ai?" 
e= C; L-C- dt + C,-L 30 16 Ca’ = LapCa Ce di 


acs, .Q7 
+ LagC al pxv' 78 


If C,-L-C = L’ or LagC3-C§ = Lag, then along the rotating reference 
frame the induced voltage becomes 


di’ ac 
-L- 
ras C. ag’ 


. di” ach, ’.Qr 
e’ =L’. +i'p6' | eg = Lap ai + LapCe <r px GP 


26.5 


(6) That is, along rotating reference frames the previous induced 
voltage L- pi becomes partly an induced voltage and partly a generated 
voltage. Hence the division of a voltage vector into induced and 
generated voltages is a relative concept that depends entirely on the 
reference frame. A certain voltage vector may be entirely induced 
or entirely generated voltage, or partly induced and partly generated, 
depending on the relative velocities of the reference frames, the 
fluxes, and the conductors. However, the sum of the induced and 
generated voltages is constant, no matter what the reference frame is. 

It should be noted that the additional generated voltage C,-L- 
(0C/d0’)-i’#’ is different from the rotor-generated voltage G’ “ipo. 
The former is due to the rotation of the flux lines produced by i’ (the 
currents in the axes rotating with 6’); the latter, to the conductors 
rotating with »@ and cutting the flux lines produced by all currents 
in the machine. 


The Equation of Voltage Along General Rotating Axes 


The remaining part of e = Z-i, that is,e = R-i + p@ G-i, becomes 
after transformation 


e’ =R’-i’ + poG’si’ | eae = Rargri™” + p80 Gargri”’ 26.6 


Hence the equation of voltage along stationary axes 


e die 
e=Ri+L- : + poG-i | e, = Ragi® + Lap 7 + p0Gapi® 26.7 
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becomes after transformation with C into rotating axes 


7 
ef eR ELS + po Gre + po Veil 


26.8 
B! ai?’ -B’ , -B’ 
Ca’ = Rap” + La’ p’ “ad + pe Ga'pt” + pe Vox? p14 
where 
ac ACh: 
V' = Co +L. — Vargr = L Ce i 26. 
96! Ee Beg 2 
If the new voltage equation is written 
ee = Zi | ee = Zarpi™ 26.10 


then the law of transformation of Z follows as 


ac ack. 
Z’ = Cf-Z-C + Ci -L- — po’ Zarpr = ZapCo: Chr + LapCe ar px?’ | 26.11 


00’ 


That is, both Z and L of the old reference frame have to be transformed. 
In the equation e’ = Z’-i’, any # refers only to i’ and not to any 
cos @ or sin @ term occurring in Z’. 


The ‘‘Christoffel Symbol” Vig 


It is possible to say that V’ is a geometric object, called in tensor 
analysis the ‘Christoffel symbol’ (strictly speaking, Vag is only a 
special case of the true non-holonomic Christoffel symbol [aB,y]). 
Along the stationary d and q (quasi-holonomic) axes all the com- 
ponents of V happen to be zero but along rotating (non-holonomic) 
axes not all the components are zero. That is, the law of transforma- 
tion of V is 


VW =Ci-V-C + Cy -L- ~ 


aCe 
ax’ 
26.12 


Vargr = VapC2Ch LagC2: 


Since for the first primitive machine V is zero, therefore in going 
over to a rotating frame C;/-V-C is still zero, but Ci -L-(8C/a6’)p6 
is not. 
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The ‘‘Rotation Tensor” y° 


(a) It was shown in equation 16.24 that for synchronous and 
induction machines G can be derived from L with the aid of the “‘rcta- 
tion tensor”’ Y. 


G=Y,-L where = 26.13 


(This assumption is true only if the flux-density wave is sinusoidal 
in space. In the general case [in commutator machines], the flux 
waves are non-sinusoidal, G is independent of L, and the rotation 
tensor ¥ has no existence.) 

(6) Now the rotation tensor Y may be expressed in terms of C as 
follows: 
6 ACO 


V8 a, Ce 26.14 


—sin @| —cos 6 


cos 6 | —sin @ 


26.15 


Geometrically ¥ rotates a vector 90 degrees in space, as was shown 
in Fig. 16.9. 
Consequently G may be expressed as 


26.16 


where C changes from stationary to rotating axes. 

(c) It may be mentioned that the “rotation tensor’ y@ is a special 
case of the so-called “coefficients of rotation of Ricci’ yZ3 (just as Vag 
is a special case of {%,}). The reason for these simplified forms is 
that in the study of electrical machinery hitherto the rotor displace- 
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ment @ was not assumed as an extra variable, requiring an extra 
axis s, but as a parameter, since the speed @ has been assumed to be 
constant. But as soon as the study of hunting and acceleration 
begins and an extra axis s has to be introduced (to express the equation 
of torque along it), both geometric objects of valence 2, v2 and Vag, 
have to be replaced by their more general form as geometric objects 
of valence 3, yZz and {25}. 


CHAPTER 27 


TRANSFORMING THE TWO PRIMITIVE MACHINES 
INTO EACH OTHER 


Equation of Voltage of Maxwell* 


(a) In starting the analysis of synchronous or induction machines, 
the equations of either primitive machine may be used as a starting 
point, depending on which offers a speedier analysis. It will be shown 
now that the equations of the two types of machines can be derived 
from each other. For general commutator machines, however, the 
first primitive machine cannot be derived from the second, or vice 
versa. 

(6) The equation of voltage along general rotating axes, equation 
25.8, assumes a simple form if p6’ = 8, that is, if the rotor axes rotate 
with the same speed as the rotor. It will now be proved that the two 
generated voltage terms may then be combined into one as 


dL 


dL’ a’ Ber 
po(G’ + V)-i’ = a a PO(Garpr + V. a'r OP” = a a” 27.1 
or that 
G’ + V' = aL’/ae | Gage + Vargr = OLarg/90 


(c) Since the rotation tensor ¥Y can be expressed in terms of C by 
equation 26.14, for the first primitive machine 


ace acz, 
G = ¥-L = C77 a -L Gop = VWoalyp = — C2'Lyg 27.2 
For the second primitive machine G becomes 
aC; acu 
= Cf -G-C = vik *L-C | Gap = GagC2, CB = LypCe 27.3 


By equation 26.9 s 
aC 
pac’ + v) = po| 2: LLC 4+ CF. od 


_ ,a(Cf+L-C) _ aL’ a6 _ aL’ 
ps 00 06 at dt 


* A.T.E.M,, p. 77. 
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if it is noted that dL/d@ = 0 (L of the first primitive machine has only 
constant components). 
Hence for the second primitive machine the equation 


e’ = R’-i’ + L’-pi’ + po(G’ + VV’). 
may be written in the form 
ef = Ri + Lp’ + (pL')-i’ | ea = Rarpi” +Larpr bi” + (pLarp)i™ 
e’ = R’-i’ + p(L’-i’) Cat = Rargi” + p(Larpt”) 27.5 


27-6 


This is the equation with which Park starts to derive equation 26.7 
for the synchronous machine along the direct and quadrature axes. 


or 


The Equation of Torque of Maxwell 
The equation of torque 
f' =i-G’i’ | f! = Gargi™ 27.7 


may be written by equation 27.3 as 


=1(Gpac) 3 


Since in a quadratic form by equation 1.23 


aCe , 
00 


fl = = LypChiev' — 27.8 


Aap + Aga a: 
iad ai AA Agi? = Aap + Ape ja8 97.9 
2 2 
equation 27.8 may be written 
1, fac, 2) . ., W(C;L-C) C) 
? = —j/.(— .L. we ©) aly. 
f=5i (*¢ CH Orbe Te) = 5 a6 
1 OL’ 1 OLB 1 gr 
7 2 7/, —— .;_’ Te og 27.1 
a teary ie | I= 330° * ° 


(Again it should be remembered that 0L/00 = 0 as the components 
of L are constant.) Since the instantaneous kinetic energy (magnetic 
energy) stored in the machine is 

T’ = $i'-L’.i’ T! = 4 Legit 27.11 
therefore 


27.12 
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Equation of Voltage of the First Primitive Machine * 


(a) The reverse of the previous derivation, to be shown now, is 
identical with that given by Park. 

The equation of voltage of Maxwell for the primitive machine with 
rotating axes is 


e=R-i+ p(L-i) | mm = Rant” + P(Lmnt") 27.13 


where L is given in equation 24.6. 
Now let the rotating reference frame a and b be replaced by sta- 
tionary reference axes d and q by the transformation i = C-i’. 


d, d, qr ds 


= 4% 


i* = i* cos 6 + i* sin 6 cos @| sin @ 
7 = —i* sin 64" cos 0 —sin 6] cos 0 


qe = gis 


Note that this C is the inverse of what formerly in equation 24.4 was 


called C (Fig. 27.1). 
(Or using the convention of central-station engineers, Fig. 27.2, 


Fic. 27.1. Relation between Fic. 27.2. Relation between 
stationary and rotating axes. axes in a synchronous machine. 


let the stationary axes d, and q, on the armature be replaced by axes 
d, and q. rotating with the same speed as the field pole.) 


dy da qa qy 


27.15 


* G.E.R., May, 1938, p. 244. 
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(b) Substituting C-i’ for i, 
e = R-C-i’ + p(L-C:-i’) 
= R-C-i’ + p(L-C)-i’ + L-C-pi’ 


Let both sides of the equations be multiplied by C;, 
C;-e = C;-R-C-i’ + C,-p(L-C)-i’ + C,-L-C- pi’ 


But 
C,-e = e’ 
C;-R-C = R’ 27.16 
C,-L-C — L’ 


where the primed quantities represent the tensors of the primitive 
machine with stationary axes. Hence 


e = Rei + L’-pi’ + C,-p(L-C)-i’ 27.17 


(c) The expression p(L-C) can be brought to a more recognizable 
form by replacing L by 
L = C;!-L’-c? 


where L’ is given in equation 24.5. Then 
p(L-C) = p(C;*-L’) = (pC;*)-L’ 


since pL’ is zero (all components of L’ being constant). 
Since C and C7? are functions of @, 


= d =) ‘_— ac; , a8 

ol o) - (Fe Dag ge 
Substituting into equation 27.17 

~1 

e’ = R’-i’ + L’-pi’ + C;- = -L’ p6-i’ 

But by equations 26.14 and 26.13 
acy} 
Cy: t rad ¥: 27.18 


00° 


27.19 
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(where C changes from rotating to stationary axes). The equation of 
voltage of the primitive machine becomes 


e’ = R’-i’ + L’- pi’ + p0G’.i' 27.20 
This is the same as equation 26.7. 


Equation of Torque of the First Primitive Machine 


Let the equation of torque of Maxwell for the primitive machine 


with rotating axes be 


or 1, Oo, 
f= ay = 3h ya 27.21 


Let i be replaced by C-i’ = i’-C; 


Again replacing L by C;?-L’-C7}, 


_1,, 0(C;!-L’-C7?) , 
f= >} C;- 30 C-i 


Since L’ is constant, 0L’/d@ is zero. Hence 


ac; t 1 ac} 


“Lei! + 7 -L’ © ert tu 
76 L’-i + 5i ry) C-i 


1, 
f= Zi. 


However, the second term is equal to the first since i-A-i = i- A,+i 
and L; = L. Hence 


. 6c; . 
f = i’-C,;- 7 -L’-i’ 
Since by equation 27.19 
ac; 
C,- —— -L’ =G’ 27.22 
00 


therefore the torque of the primitive machine is 
f=i'-Gi’ 27.23 


CHAPTER 28 
SMALL OSCILLATIONS * 


The Equations of Voltages and Torques 


(a) During small oscillations (hunting) the speed of the rotor pé@ 
is no more constant and the moment of inertia M of the rotor enters 
into the equation of torque. The equations of impressed voltage and 
impressed torque of the first primitive machine are 


e=R-itL-pit poG-i | em = Rmni® + Lmnbi® + £8 Gmni” 
T = Mp’0 — i-G-i T = Mp6 — Gmni™i” 28.1 


These two equations describe the performance of the primitive 
machine (hence all machines with relatively stationary axes) during 
acceleration. In terms of ¢ and B they are 


e = R-i+ pe +B pe €m = Rant” + bem + Bnpé 
T = Mpe —i-B T = Mp0 — i"B, 28.2 


(b) When the machine’s equilibrium is suddenly disturbed, i be- 
comes ig + Ai, where ig represents the steady-state current existing 
before the disturbance, and Ai the superimposed change. Let 


i = ig + Ai 
= 6 + A@ 


e = €9 + Ae 


The tensors R, L, and G have constant components, hence, no change 
occurs in them during hunting. 
Substituting and canceling second-order changes, 


@o + Ae = (R+ Lp + pHG)< (in + Ai) + PAO G-ig 
To + AT = Mp?(6) + A6) — (ip + Ai)+G- (ig + Ai) 28.4 


Subtracting the original equations (and assuming pA@ = Apé), the 
equations of hunting of the primitive machine are 


Ae = (R+ Lp + p4%G)-Ai + G-i, Apa 
AT = Mp?A6@ — ig-(G + G,)- Ai 28.5 
* A.T.E.M., p. 114. 
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In terms of g and B the above equations are 
Ae = R-Ai+ pAg + BoApe 
AT = Mp?A@ — (Bo: Ai + AB-ig) 28.6 


The Motional Impedance Tensor 


(2) The two equations may be combined into one if, in addition 
to the four electrical axes d,, d,, q,, and qs, a fifth axis s is introduced 
representing the direction of the instantaneous angular displacement 
6 of the rotor (geometrically s lies along the rotor axis). All torques 
are represented along this geometrical axis s. In the presence of a 
fifth variable 6, let ‘compound tensors” be introduced. In particular 
let: 

1. iand $6 be represented as the components of a new “‘generalized 
velocity (or current) vector” x 


d. d, qr qs s 
: 7 ie a ‘ 


2. e and T be represented as the components of a new ‘‘generalized 
force (or voltage) vector’ p 


d 


8 d, qr ds s 


(b) In terms of these generalized vectors, the two equations of 
hunting 28.5 may be represented as subdivisions (in the manner of 
equation 2.1) of one equation Ap = Z- Ax 


Ai Apo Ai Apo 


where Z will be called the ‘‘motional impedance tensor.” 

The motional impedance tensor Z for any machine consists of its 
transient 1mpedance tensor Z augmented by an additional row and 
column s carresponding to the additional (geometrical) degree of freedom. 
The additional row and column contain the steady-state currents and 
fluxes upon which the hunting is superimposed. 
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Table VII shows Z and Z, of the primitive machine for various sign 
conventions. 
It is important to note that in the additional row the flux densities 


TABLE VII 


MOoTIONAL-IMPEDANCE TENSOR Z OF THE PRIMITIVE MACHINE 


ae ed 


Laspe 


Ba, =i L gt iPM, Bas tL gg +t My 


Bay = -19° LG, -195 My Bas =-i**Lgg-i2" My ‘ 


Baz and B, occur with signs opposite to those in the additional column, 
no matter what sign convention is used (as long as the coefficients of 
all » terms—the components of d,g—have the same sign). That is, 
Z is always skew symmetrical with respect to B in any reference frame. 
(See also equation 31.4.) This relation serves as a check on the 
correctness of the equations. 
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(c) It should also be noted that when the direction of rotation 
changes, then: 


1. p@ assumes negative values. 
2. The row and column of s are also multipled by —1. 


The Establishment of 2’ 

(a) Since the Z of the primitive machine and of every other machine 
has an extra axis s, similarly the C of every machine has a geometrical 
axis S$ in addition to its electrical axes. 

When all components of C are constants, then Z’ = C;-Z-C. 
Since Z contains the steady-state currents ip of the primitive machine, 
after transforming Z by C,;'-Z-C, it is still necessary to transform the 
steady-state currents individually with the aid of the set of equations 
ip = C-ip. Thereby not only Z’ is expressed along the new axes but 
also its components. 

(b) Once the transient Z’ of a machine has been established, it may 
be subjected to various types of manipulation depending on the 
problem at hand. In particular, may be investigated: 


1. The stability of the system under a sudden impact of voltage 
or torque. 

2. The values of the hunting-frequency currents and displace- 
ments under impressed impulses. 

3. The damping and synchronizing torques. 

4. The natural frequencies of vibration of the system. 


In all such investigations the first step is to establish the transient 
motional impedance tensor Z’ of the system. 


Transient Stability 


The stability of the system under a sudden impact is investigated 
by equating the determinant of Z’ to zero and applying Routh’s or 
other criteria. 

Even when the componenis of C are constants, two cases will have 
to be distinguished. 


1. The steady-state currents ip are constants. 
2. The steady-state currents are complex numbers (sinusoidal 
in time). . 


In the first case the coefficients of all p are real numbers; in the 
second, they are complex. In the first case Routh’s criterion, shown 
in equations 19.7-19.10, in the second case Schur’s criterion (given 
in advanced mathematical textbooks), have to be used. 
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Hunting-Frequency Currents and Velocities 


When the impressed changes Ap’ are sinusoidal (say when the 
machine drives a pump with sinusoidal load variation) having a 
frequency h, then the additional currents and velocities may be 
determined. Again two cases have to be distinguished. 

(a) When the steady-state currents ig are constant, all Ax are of 
hunting frequency /, hence: 


1. All p are replaced by jhw. 

2. All p@ become vw. 

3. Ap@ becomes Avw, or rather the last column s is multiplied 
by w, changing there all ZL to X and leaving Av as the variable. 

4. To express torques in synchronous watts, the last row of s 
is also multiplied by w. 


Then Ax’ is found by Z’—!- Ap, that is, by calculating the inverse 
of the steady state Z. 

(b) When the steady-state currents ig are not constant but are, say, 
of fundamental frequency w, then the superimposed currents have two 
different frequencies (1 — h)w and (1+ h)w. The solution of Z for 
such cases has been undertaken in another publication.* 


- Damping and Synchronizing Torques 


To determine the stability or instability of a machine, the determi- 
nant of Z is equated to zero and Routh’s criterion (equation 19.7) is 
applied. Another method of analysis is based upon the assumption 
that only one dominating oscillation frequency hw exists (whose 
approximate value, however, has to be assumed). 

Leaving out Mp? from Z and subdividing Z along the electrical 
and mechanical axes into four components, the applied electrical 
torque is a complex number (replacing all » by jhw) 


AT. = (Z4 — Z3°Z '°Z2) AO = (Ts + jhwTp) A0 28.10 
Tp is called the damping torque coefficient, and 7, the synchronizing 
torque coefficient. When Tp is negative the system hunts. 
Natural Frequency of Oscillation 


Once Tp and T, are known, then M>* can be resubstituted, giving 
(for a single machine) 


AT = (Mp? + Top + Ts) A0 28.11 
* A.T.E.M,, p. 119. 
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The equation Mp? + Tpp + T, = 0 gives for the natural frequency 
of oscillation (as a fraction of w) 


2 
wh = ~— — a) 28.12 


where in per unit 1 = 42fH and 


_ 0.231 (WR?) X (syn. r.p.m.)? 
7 Base kv-a. X 10° 


IT. 
h=a/— 28.14 
as M 


If in calculating 7, the assumed fh differs greatly from this correct 
h, Ts should be recalculated with the corrected h. 


H 
When Tp is small 


28.13 


Compound D-C. Machine 


The connection diagram and C of a compound d-c. machine are 
(Fig. 28.1) 


28.15 


Fic. 28.1 Com- 
pound d-c. ma- 
chine. 


Z of the primitive machine is, from Table VII-1, 
ds qr qs s 


tas + Lash 
— M(4pé tr + Lorp Mop 


Mop qs + Lesh 


a” Ma i” M4 


The transient Z’ is found by C;-Z-C. Replacing in the border row and 
column i® by ngif and 7%" by i’, as indicated by equation 28.15, 
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f s 


£ } a(rds + Lash) + (tr + Lor) + 
na(r¢s + Lqsp) — naMape + 2ngMgh 


—inaMa 


s 2ifnaMa Mp 


The steady-state Z’ is found by putting p = jhw, p@ = vw = w and 
multiplying the bordering row and column s by w 


f s 


f | na(ras + jhXae) + (1, + jhXqr) + 


! —ilngX, 
1g (Tqe-+jhX qs) — naXma +21q jhX mq ame 


28.16 
s 2i/naX ma jhw®M 


The equations of hunting are Ap’ = Z’- Ax. 


Polyphase Induction Motor 


It has been shown for the double-fed induction motor that a refer- 
ence frame rotating with the fluxes allows a simpler steady-state and 
transient analysis of polyphase machines. The use of such a reference 
frame during hunting makes the steady-state currents and fluxes in 
Z constant. 

The same C is used in transforming Z as used for Z, namely, equa- 
tion 23.9, except that C now has an additional axis s 


Qs a, b, b, s 


—sin 61 


eis cos 41 28.17 


Since C is a function of time, the law of transformation of Z is found 
either by C;-Z-C, where the p in Z refers to C (but not to C,), or by 
equation 23.3 

ac 


Z’ = C,-Z- “Ee 
C,-2-C + C.-L aa, 


phy 
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where p0, = p6, — p0.. All steady-state currents are constant. 
When no voltage is impressed on the rotor, as in a standard induc- 


Fic. 28.2. Axes rotating with stator flux. 


tion motor, this Z is used unchanged. However, in a double-fed 
motor e, equation 23.7 is a function of 6 and an additional term has 


to be added to Z, as will be shown in equation 29.20. 


EXERCISES 


1. Eliminate the stator axes and stator currents in Z of equation 28.18. 


2. Find the steady-state form of equation 28.18. 
3. Find the transient and steady-state Z of the following machines: 


(a) The amplidyne of Fig. 18.25. 


(6) The Scherbius advancer of Fig. 22.6. 
(c) The shunt polyphase commutator motor of Fig. 22.10. 


(d) The double squirrel-cage induction motor of Fig. 22.8. 


CHAPTER 29 
THE HUNTING OF MACHINES WITH SLIP RINGS 


Calculation of Ap’ 


(a) The steady-state voltage impressed on a machine is e’ = C;-¢ 
If its components are constant, then e’ does not contribute to Ae’. 
But if e’ is a function of 6 or @ (as it is in all machines having slip rings), 
then during hunting its contribution to Ae’ is 


de’ OC m! , 
Ae’ = 30 -A@ Ae, = ayn Ax” 29.1 
In general the value Ap’ in the equation Ap’ = Z’- Ax’ is 
_ op’ ) ’ 


where p’ = C;-p, and where 

1. (dp’/d@)-A®@ is due to the presence of applied variable steady- 
state voltages and torques. 

2. P’ is any additional sudden or hunting-frequency change of 
voltage or torque applied. 

(6) In order to represent the equations of hunting also in this case 
as Ap’ = Z’’- Ax”, the A@ term of Ae, is carried over to the right- 
hand side of the equation. Since on the right-hand side the column 
of Apé already occurs, 1m such cases AO is assumed as the variable in 
place of Ap@ and the corresponding column of Z’ (after transformation) 
is multiplied by p. Then the two columns of A@ can be added to form 
a new column of Z’”’. That is, now the law of transformation of Z is 


oe Opat 
w= , B, eee 
Za B ZapCo Ce B’ 29.3 


The addition of dp’/d0@ indicates that Ap@ has to be replaced by A@ 
by multiplying its column by p. The equation of hunting of the new 
system is 
P’ = 2’- Av’ 29.4 
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Av =| Ai | Ao | while Ax = 29.5 


Synchronous Machine Connected to Infinite Bus 


(a) When a synchronous machine is connected to an infinite bus 
(Fig. 29.1), its eg (equation 18.17) is 


d if d; da da qk 


where 


e, 


0 29.6 


ecos 6 


ee=| E | e sin 6 


¢ 


“ 


. 


“es 


where 6 = 0; — 02 = Oait. — Sus. Since its 


Fic. 29.1 Alternator con- © jig the unit tensor, therefore e, = e, and 


nected to infinite bus. 
de’ de’, de’, 
Ae, = —* Ad = — Aad, — —* Ab 29.7 
& 06 a6, 0° «0b 
Since Aé. = 0 (that is, since the infinite bus does not hunt), A6; 


can be replaced everywhere by Ad = AQ, — AOz. Hence 
dy di da da qk 


‘ , 
, 0€g deg . 
Ae = —— = 2 = 6 Ad |] — 
@g Fy aed 36 Aé | € cos esin 6 Aé 


These voltage changes appear on the terminals in all cases, in addi- 
tion to any outside voltage and torque changes P, that may be 
applied. 

(6) Hence, by the law of transformation of Z,, 


29.8 


Z, = Cy Z,-C — —? 29.9 


dy di, da qa qk a 
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(Note that the first five rows and columns are Z of equation 16.31.) 


dy di da qa qk Ss 


Av’ =| Ai’? | ark4 | are4 | ai2z | Aika] a5 


where /@ is written for p6, and 6 = 0, — 6. 

By convention, central-station engineers use generated voltages and 
impressed torques. Hence the last equation of Z, has to be multiplied 
by —1 to correspond to this convention. 


Elimination of Field Axes 


If the field axes d;, dz, and q, are eliminated by Z’ = Z4 — Z3-Zz!-Zo 
and e’ = e. — Z3-Zj!-e1, the simplified equations are 


da da s 


Ai? 


Av = | Ai24 


Aé 


da] —ra — La(b)p| Ly(b)pe Bae —ecos 6 
Ze =qa| —Lalp)pe |—ra — Lo(b)p| Bop tesind| Py = 
s —MLa(p) + Ba i7L (Pp) + By MP’ 


Aea — G(p)pAE 


During steady hunting, p = jhw and 


dg da Ss 


do] —ra — jhxa(jh)| x¢(jh)p@ | jhBa —e cos 8 Aeq — G(jh)jhAE 
Zz =qal —xa(jh)p0 |—ra — jhxa(jh) | jhBg+esin3|Py = | Aeg — G(jh)pOdE 


—itxg(jh) + Ba| i4xq(jh) + By Mp? AT — igG(jh)AE 


29.12 
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(b) Using the per unit symbols of the central-station engineers 


Lal(b) = xa(p) | r+ Lalb)p = 2a(b) | Ba = —¥q0 | 2” = tao 
Ly (b) = Xq(P) 1 e+ Ly(b)p = Zq(p) | Ba = Yao 1? = 499 
d q s 
Av’ =| Aig | Ai, | Ad 


—2a(p) Xq(p) pe —V¥goP — € cos 6 


—xa(p) pe —2,(p) yap +e sin 6 
—igoxa(P) — veo | tao%g(P) + ao Mp? 


29.13 


d | Aeg — pG(p) AE 
Py = q | Aeg — pdG(p)AE 
s | AT — igG(p)AE 


xa(p), Xq(p), and G(p) are defined in equation 20.17 and y in 20.29. 

It should be noted that the flux densities B occurring in the geometri- 
cal axes s may be replaced by flux linkages y only in synchronous and 
induction machines. In commutator machines (d-c. or a-c.), B and y 
are two different concepts with no apparent relation between them. 


Numerical Example 


Let a synchronous machine without excitation (or a polyphase in- 
duction motor running at synchronous speed) have the constants (when 


02/p .233 


477 


Xd(p) =X q(p) —= 3.02 00864 


Fic. 29.2. 


the rotor is connected to an impedance load) as shown in Fig. 29.2. 
1. Steady-State Performance 


t = 0.02 @= 105 p0=w=1 
Xd = Xq = 3.02 + 0.233 = 3.253 5=0 
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By equation 20.33 


€q sin 6 | €ég cos 6 0 | 1.05 


—fa/D | %a/D —0.02 3.253 — 0.324 
aie cae = |-————__| 29.14 
—3.253 | —.02 — 0.00198 
Bg = ix, = —0.00198 X 3.253 = —0.0064 
By = —t'x, = 0.324 X 3.253 = 1.052 
2. Hunting Performance 
1 
xa(jh) = xq(jh) = 0.233 + : ; = 0.656 — j0.161 
3.02’ 0.477 — 0.216 
h = 0.04 jhxa(jh) = 0.00645 + 70.0262 
Substituting into equation 29.13 (ignoring Mp?) 
—0.02645 — 70.0262 
aes ee te Z1|Z2 
Z,=|  —0.656 + 70.161 i0. = || 
ce ene aeons Z3| 0 
—0.0051 — 70.000319 0.84 + 70.0522 
29.15 
29.16 
Therefore 
T's = 1.26 
0.394 
Tp = —— = 9.84 29.17 
aaa Vata 


The system is stable at the frequency of hunting 0.04 X 60 = 2.4 
cycles per second. 


Double-Fed Induction Motor 
When the impressed voltage vector of a polyphase induction motor is 


Qs a, b; bs s 


€3 cos 6 é1 29.18 


e=p= | -essin 
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where 5 = 62 + 63 — 6, (and e = if Mpé), then Z’ of equation 27.18 
has to be supplemented by — dp/d6 


0 
pom wee PKS 
005 069 
since A@, and Aés are both zero. Hence 
as ar b,; bs Ss 
_ as = e3 cos 6 e3 sin 6 29.19 


Multiplying the last column of equation 28.18 by p (thereby assum- 
ing Aé as the variable in place of Apd) and adding to it the above equa- 
tion, the Z’ of the double-fed induction motor is (assuming both refer- 
ence axes fixed to the stator flux) 


13 + Lep Mp 0 
(Mi®* + L,i'")p + e3 cos 6 


2 = —(Mi¥ + L,t™)p + eg sin 6 
LspA Mpa, 0 


vm | —-®M Lp 
29.20 


where e, = i/?Mgp03 and p§, = p61 — p02. The steady-state currents 
and voltages are all constant. During hunting p = jhw and * 
as a, b, bs s 


jh(X 4 + Xml) + €3 cos 6 
Z’ j —jh(X i + Xmi™) + e3 sin 6 


Lp’ 


29.21 


The Hunting of Polyphase Machines 


(a) The Z of interconnected systems may be established in two dif- 
ferent manners: 


* A.T.E.M., p. 119. 
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1. The Z of the primitive (or other system) is transformed by C. 
(The general laws of transformation, valid for the most general cases, 
are given in the next chapter.) 

2. The transient pre-hunting equations e’ = Z’-i’ and T’ = i’-G’:i’ 
are first established with the aid of C, then small changes are made. 
(Or the scheme of equation 28.9 is established if the axes are station- 
ary.) 

The two methods serve as checks upon the correctness of the equa- 
tions. 

(6) When polyphase machines with smooth airgaps are intercon- 
nected, the matrices of equation 28.9 assume the form 


Ad 


AT (G’:i’)p — de’/d0 29.22 


—i'*-(G, + Ge My?’ 


(Note that G’ = Gi, + G,, equation 16.33.) 

Sometimes it is advantageous to establish e’ = Z’-i’ and T = 
i’-G’-i’ as polyphase (complex) equations in the manner of Chapter 
22, afterward to change them into real form by equations 22.5 and 
22.6. Then the hunting equations are established. 

It is possible to establish Z’ of any polyphase system by transforming 
Z of the primitive polyphase machine with the aid of a complex C. 
That transformation is not considered here, however. 


EXERCISES 


1. Eliminate the stator axes and currents in equation 29.19. 
2. For the double-fed induction motor: 

(a) Find C in which the rotor axes a, and b, rotate with the rotor flux instead of 
the stator flux (the rotor flux is at an angle (@ + 0,) from a stationary axis, while 
the stator flux is at an angle 6; = 0, on Fig. 24.5). 

(6) Establish the corresponding Z. 

(c) Find C in which both stator and rotor axes rotate with the rotor flux. 

(d) Establish the corresponding Z. 


CHAPTER 30 
THE LAW OF TRANSFORMATION OF Z 


The Classification of C 


When the components of C are constants, the laws of transformation 
of Z and Z are C*-Z-C and C/-Z-C — de’/d0. 

The components of C may be functions of time that do not change 
because of hunting. This was true in equation 28.17 where the refer- 
ence frame rotated uniformly with a velocity p@ with respect to the 
rotor no matter what the rotor itself did. (That is, AC = 0 but pC ¥ 
0.) In that case, the laws of transformation of Z and Z are either as 
above, where the p in Z refers to C and i, or equation 23.3 and 


ac de’ 
Z’ = C#-Z-C + Cf-L- po ~ 30.1 


00 


where # refers only to i. 

When two interconnected synchronous machines run at a constant 
angle 6, then during hunting this 6 (occurring in their C, equation 20.41) 
also varies. Then AC is not zero even though (C is zero. 

The law of transformation of Z when AC = 0 is to be investigated 
now. 


The Laws of Transformation of Ax® and Ap. 
It has been shown that the laws of transformation of the velocity 
vector <* and the force vector p, are those of tensors, namely, 
i = CH’ a = Chat" 
; Pp’ ba = Ce Pa’ 


The question now arises: What are the laws of transformation of 
their differentials dx“ and dp, (or A&* and Ap)? If the components of 
‘C%, are constants, they transform as x* and p,; but if Cd, is a function 
_of the variables or the parameters, then their laws of transformation are 
-more complicated. 


30.2 
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Making small changes in the above equations 


Ax = C-Ax’ + AC-x’ Ax® = CX Ax® + ACEO 


30.3 
ae Z sales ° ree “ 
where 
oc oc, 
AC = —A AC%, = —% Ae 30.5 
00 : ae 


In the extra term of the law of transformation of Ax there occurs x, 
and in that of Ap occurs p. Hence Ax* and Ap, are neither tensors nor 
geometric objects but ‘“‘partial geometric objects” since, in their law of. 
transformation, not only CZ and Lug but also ** (and p.) occur. 

Since in the general case neither Z, nor Ax nor Ap are tensors, the 
equation of hunting Ap = Z- Ax is no longer a tensor equation. 


The Law of Transformation of Za 


When C is a function of a parameter 6 (such as the angle between two 
synchronous machines running at the same speed), Z is no more a ten- 
sor. For the primitive machine let 


Ap = Z- Ax 
Substituting Ap and Ax from equations 30.4 and 30.3, 
C;!-Ap’ + AC;!-p’ = Z-(C- Ax’ + AC-x’) 
Multiplying by C,, 


ac; ! 
30 


oc. 

Ap’ = ez + C,:Z- 30 -x’ — C, | Av 30.6 
where Av contains Ai and A@ as its components. 

Hence, when C is a function of a parameter, two terms are added to 
Z’, one by the law of transformation of Ax, the other by that of Ap. 

Since Ap’ is (dp/06)-A@ + P’, the equation of hunting of the new ma- 
chine is 

P’ = Z’- Av’ 30.7 

where the law of transformation of Z’ is 
ac. ac; * de’ 


ap Sag” P36 


2’ = C,-Z-C 4+ CE: 
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When the Inverse of C Does Not Exist 


(a) When C~! does not exist (required in the last but one term) a 
new expression may be derived for it. Let 


Cl-Cc =I 30.9 
Differentiating A(C~?-C) = 0 = AC7?-C + C7!- AC. Hence 
C,-AC;? = —AC,-C7! 30.10 


Substituting, C,-AC;!-p’ = AC,-Cr!-p’ = —AC,-C71-Cy-p 


or é 
C,- AC; !«p’ = —AC;-p = — AC;-e 30.11 


Hence C7? disappears, but in its place appears e, the applied voltage 
existing before hunting and before the transformation. 
Since Z’ contains the steady-state ip, it is advantageous to express e 
also in terms of ig as 
e = Z-i = Z-C-i’ 30.12 


Hence the law of transformation of Z is 


te] 
= OF-B-C + Cf-2- 3 1 OF 7 oy — 2 30.13 


08 00 


ace , oC. , 0e, , 
— sre B OL Bey! 0 
Zap! — CE Or + Ca Zap ar axe’ gy’ + — an Br Zap" axe" 


(b) When the components of C and ip contain functions of time, then 
all p in Z refer to all such variables to the right of them. In such cases 
the order of the components in the multiplication cannot be changed. 
The expanded law of transformation for such conditions is given else- 
where.* 


Mechanical Problems 


It may be mentioned that in most mechanical problems (in holo- 
nomic dynamical systems) the equation of hunting is not Ap = ZAx but 


Ap = Z-Ax “Pe Aba = ZagAx® 30.14 
where x are the variablés. Since the law of transformation of Ax is 
Ax = C- Ax’ | Ax® = Cz, Ax’ 30.15 


* A.T.E.M., p. 128, equations 42 and 46. 
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the extra term in equation 30.13, C;*-%-(de/dx)-x’ (due to the law of 
transformation of Ax), is absent; hence in mechanical oscillation prob- 
lems the law of transformation of Z is 


ac; dp’ acy dpa 

, — +236 pet _- a’ Be = a C2Ce — = | rao i sais 
lie. Fog Pox | 78 BCarCar + sai Py’ — a8 
30.16 


where p = Pa is the steady-state force equation of the system before in- 
terconnection and p’ = p,’ is the applied steady-state force after the 
interconnection. All p = d/dtin Z refer to both C and Ax. 

The equation of transformation 30.13 developed for electrical ma- 
chinery is valid for non-holonomic dynamical (mechanical) systems in 
which the velocities also are subjected to small changes. 


EXERCISES 


1. Find the transient Z of the amplidyne of Fig. 18.3. 

2. If the frequency of oscillation of the amplidyne is hw, what is the steady-state Z? 

3. If a synchronous machine (and the bus) run at a speed vw and the field hunts at 
a frequency hw, what is the steady-state Z of the synchronous machine? 


4. Using the design constants of Fig. 20.6, find Ts and Tp of the synchronous 
machine at the angles stated in exercise e, Chapter 20. 


CHAPTER 31 
THE EQUATION OF MOTION * 


The Electromagnetic Field Tensor Fy 


(2) The two equations completely determining the accelerated mo- 
tion of a single rotating machine with relatively. stationary axes have 
been given in equations 28.1 and 28.2 as 


e=RitL-pit poi | em = Rnni™+Lnnpi"-+ PAG nai, 
T = Rpd + Mp’6 — i-G-i T = Mp? — Gini” 

or 
e= R-i+ Pe + Bpe em = Rant” + Poem + Bunp@ 
T = Rv + p(mv) — i-B T = Mp? — i"B, 


where the mechanical friction R is introduced for the sake of symmetry. 

(b) These two equations also can be expressed as one equation in 
terms of “compound” tensors (analogously to the equations of hunt- 
ing) by introducing the geometrical axis s to express along it the me- 
chanical quantities. That is, let the following compound tensors be 
introduced: 


31.2 


P = pa = é 


31.3 


The tensor agg is called the ‘metric tensor.” 
It should be expressly noted that the rotor flux-density vector B occurs 
iwice in the complete set, in particular: 


1. In the voltage equation it produces generated voltages. 
2. In the torque equation (with negative sign) it produces torque. 


The B vector has to be arranged as a skew-symmetric tensor of va- 


lence 2,F = Fyg P 
aX 


31.4 


* A.T.E.M,, p. 95. 
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the so-called “electromagnetic field tensor” that occurs in the tensorial 
field equations of Maxwell, equation 14.7. (It should be noted that F 
also occurs as a component of Z, equation 28.9.) 

(c) In terms of these compound tensors, the two equations can be 
combined into one, the so-called equation of motion 


p=rextapx+Fex | pa = rapt? + dappt?+ Fopt? 31.5 


where the field tensor F is a function of i. Im this form the equation may 
include any number of p@’s, not only one. 


Acceleration of Direct-Current Machines 


In many d-c. machine applications it may be assumed that during 
acceleration the rotor flux-density B remains constant along each axts. 
Then the field tensor F is constant and x may be factored out as 


p= (r+ap4 F)-x = Z,°x 31.6 


Fic. 31.1. Compound d-c. machine. 


This is a set of linear differential equations with constant coefficients, 
just as e = Z-i or Ap = Z-Ai are, and can be solved with Heaviside's 
expansion theorem for the instantaneous velocity and currents x as x= 
Zap. 

As an example, let the acceleration of the compound machine of 
Fig. 31.1 be analyzed. The Z of its primitive machine is 


ds qr qs s 


—Mapo |r, + Lob 


Map jras + Lesh 


Mp 


Z’ = C,-Z-C, where Z’ may be expressed as r’ + a’p, so that 
f s 
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Since the flux-density vector is B = — Mynqif 


2 2 
tr + N@tds + Nqr qs 


+(niLas + Lor + — Mang 
ngligs + 2ngM,)p 31.8 


Mang! 


The solution of x = Z;'-p gives the instantaneous current 7’ and rotor 
velocity v*. 


The Torsion Tensor Sapy 


(a) Instead of the two B’s let the two G’s be arranged into a com- 
pound tensor. Since the B’s are arranged into a tensor of valence 2, 
the G’s must be arranged into a tensor of valence 
_¢ 3 (Fig. 31.2) called the “torsion tensor” Tugy. It 
is skew symmetric in the first and third indices. 
That is, 
6 Tapy = —Typa 31.9 


KM ddddissdaseeif, 


SSS 


2 SYR 


Fic. 31.2. Building Many writers call half of Tagy the torsion tensor 


up the “torsion ten. 267 SO that 
sor’——2 Sapy- Tapy = 2Sapy 31.10 


(b) It should be noted that, in commutator machines where G is inde- 
pendent of L, the torsion tensor Sagy is also independent of the metric tensor 
dag. But when G = Y,-L, then Sag, can be expressed in terms of Qe. 
That is, in synchronous and induction machines 


-! C8! (2% ate) 
Sapy = 5 aCe Cp age ge 31.11 


where Cis a function of the displacements x* of the rotor conductors. 
(c) In terms of S.g, the equation of motion (valid for machines with 
relatively stationary axes) becomes 


dx? 2x8 dx dx? 
a = Ta a 2S. aoa ae 31.1 
Pa = Yap Ge + Gap + 2S ba @ 
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where x* represents the charges and instantaneous displacements. In 
the general case these differential equations can be solved only by step- 
by-step methods. 


The Affine Connection T'u2,7 


(a2) When the reference frames rotate with any arbitrary velocity 
po’, then the additional V that appears in equation 26.8 may also be 
incorporated with the two G’s into a geometric 
object of valence 3 (Fig. 31.3), the so-called y 
affine connection T'gg,y- (It is not a tensor, but 
a geometric object, since V is not a tensor. It 
is customary to place a comma before its last i | 


Kitédidsdhde y 


index.) WINNIE 2. G 
In terms of the affine connection, the equation é 
of motion is Fic. 31.3. Building up 


the “affine connection” 


dx? dx? dx? dx? . 
aByy- 


a = Taf j, a8 3,2. Dpy.a a 1.1 
ba = tab Gy + das Ga + Teva ay ay ats 


This equation represents the performance of any number of machines with 
any type of rotating frame. 

In the general case of commutator machines the components of T py, are 
arbitrary quantities independent of dog. They represent the mutual induc- 
tances due to the existence of rotations of conductors and reference frames. 

The law of transformation of I'gg,7 is analogous to that of V, equa- 


tion 26.12 
a BY ry aCe 
Ta'B,y’ = Tap ,yCa' Car Cy + Ayal’ axe 31.14 


(b) If the parameter ¢ (time) is replaced by s (distance), the resulting 
equation represents a line in an n-dimensional ‘“‘non-Riemannian” 
space. Hence with ¢ the equation of motion 31.13 may be said to 
represent the motion of a particle in an n-dimensional non-Riemannian 


space. 


The Christoffel Symbol [aB,¥] 


(a) In special reference frames the components of T'ag,y assume spe- 
cial forms. For instance, for the first primitive machine and in general 
for machines with relatively stationary axes 


Tas,7 = 2Seapy 31.15 


Another very important special case is the holonomic frame of the 
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second primitive machine. The equations of voltage and torque of 


Maxwell are = RA gas) 


1 OL 31.16 
T = Rpe + Mpv — — +i- “i 
po + Mpv 2 1 30 1 
The first equation can be written 
; F oL , 
e = R-i + Loi + 0 “i 
1 oL oL : 
If — 5 op and | are arranged analogously to the two G’s (Fig. 


31.4a) the resultant is a geometric object of valence 3, the so-called 
holonomic Christoffel symbol. 

It is customary (and from a tensorial point of view necessary) to 
divide 0L/0@ into the sum of two equal matrices (144)0L/06 and ar- 


LZ % CLL i OL 
A * de 
A 1 OL 
=f A 6* de 
tot 
— 2 
p © 


() 
Fic. 31.4. Building up the “Christoffel symbol” [a,y]. 


range them as shown in Fig. 31.40. The resultant equation of motion 
in both cases gives the same answer. 
(b) Since in such holonomic frames 


Tas,y = [oB,71 31.17 
the equation of motion for holonomic reference frames is 
dx? d7x8 dx? dx? 
Pa = Tap en + dag ree + [By,a] Te ai: 31.18 


where the Christoffel symbol is defined (with any number of rotating 
members) in terms of the metric tensor dag as 


1 (20m Oday ones 


[aB,y] = = —_-—- 31.19 


2\ax% ax8 Ox? 


Its law of transformation is the same as that of T'ag,,, namely, equation 
31.14, 

(c) Note that: (1) The order of the indices in the denominator is 
a, B, y the same as in [eB,y]; (2) the two indices in each numerator 
differ from those in their respective denominators. 
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The first two terms give the generated voltages and the last term 
(the negative) gives the torque. 

Along non-holonomic reference frames [a8,y] has a more complex 
form. 

(d) The above equation of motion is said to represent the motion of a 
particle in an m-dimensional Riemannian space. 


The Dynamical Equation of Lagrange * 


It will be proved that the equation of motion for holonomic axes 
(equation 31.18) represents the well-knowndynamical equation of Lagrange 
in an explicit form. That is, the kinetic energy T of the dynamical 
equation is here replaced by its value (14)aag%*x*. 

(a) Starting with the equation of Lagrange, 


df oT oT OF 
“() ~ an t agy = Pr onan 
let T = (14) dap? x? and F= (14) rag* 0? 
oT 1 A(dapk*%*) 1 ee. ; 
ef 2 og ee 


This result is found by differentiating each tensor separately. Now 
Odag/IL" = 0, O%*/dL7 = 5% = unit tensor, and aggd% = ayg(dag is a 
function of x7 but not of £7). 


d (aT 1 (dag dx* BF day dx? . dx >) 
Ate )- (S22 dt P+ an Gr de® age ap * tar ae dt® 


dt Ox? 2 
1 dag Seen) ans dx8 
7 Ge +p) PE + Oye Ge dt? 
oT 1 Odag 
ieee = xxx 
ax’ 2 ox? 
OF 


— = 5 rei? eae 9 Tave™ = rypxP 


Ox” 
Substituting into the equation of Lagrange, the explicit form of the 
equation of Lagrange comes out as 


d?x8 1 (Su 


Ae O0apg 
ove ae 15 : 


ox® a ax -_ Ox? 


) ena’ + rex? = p, 31.21 


* Kron, “Quasi-Holonomic Dynamical Systems,” Physics, vol. 7, April, 1936. 
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or 
eee dx? Ee 
by = tpi? + ays —- + loB,y]k xf 31.22 

(b) In the general case of commutator machines when Igg,y is not a 
function of agg (that is, when G is independent of L), the equation of 
motion cannot be expressed in terms of the kinetic energy T and it cannot 
be considered a modification of the Lagrangian equation. Classical 
dynamics has no equivalent concepts to offer, and the concepts of rela- 
tivistic electrodynamics must be resorted to, from which the entities 
Tag,y and Sag,, have been borrowed. Classical dynamics employs only 
the Christoffel symbol [a8,y]. 

In the special case of synchronous and induction machines when G = 
Y.-L, then T'ag,y can be expressed in terms of the kinetic energy 7 by 
using the Boltzmann-Hamel extension of the Lagrangian equation that 
has been developed for non-holonomic reference frames, namely 


df oT oT aT (CS 26 | oF 
—(— ) — a CCB ot fy 51.23 
dt (27) ax? a ax? eae ax8 ax? + anv’ fy 


The derivation is to be found in other publications.* 


EXERCISES 


1. Find Z, of the machines of Figs. 31.5 and 31.6. 
2. Starting with the law of transformation of the metric tensor dag, derive that of 
Odag/ dx". 


Fie. 31.5. Fic. 31.6. 


3. Starting with the law of transformation of daag/0x7, derive that of the Christof- 


fel symbol. 


Ode 
4. Prove that [8,7] = [8a,7]; [e8,7] + [yB,a] = xe 


* Kron, “Non-Riemannian Dynamics of Rotating Electrical Machinery,” Journal 
of Mathematics and Physics, 1934, pp. 103-194; G.E.R., October, 1938, p. 448. 


CHAPTER 32 
THE THIRD GENERALIZATION POSTULATE 


Vectors without Magnitude and without Direction 


In conventional vector analysis a vector is defined as a “‘physical 
entity that has magnitude and direction.’”” That a vector has a “law 
of transformation” when the reference frame changes is tacitly as- 
sumed as self-evident without any further statement. This obvious- 
ness of a law of transformation is due to the simplicity of a Euclidean 
space and the ease of visualization of entities in such a space. Also in 
a plane or in a three-dimensional Euclidean space with orthogonal 
reference frame the inverse of C (or rather C;') is identical with C, 
there is no difference between a covariant and a contravariant vector, 
and the law of transformation loses its importance as a yardstick to 
recognize physical entities. 

With the introduction of generalized coordinates (in electrical and 
mechanical network and machine studies), the space in which the 
vectors lie and the reference frame in which they are measured get 
more complicated, hence the emphasis in the definition of a physical 
entity (such as a vector) must be shifted to its law of transformation. 
In tensor analysis a vector is defined as a “‘physical entity whose law 
of transformation requires either C or C~! only once.’”’ A vector does 
not necessarily have to possess a magnitude or a direction. It only has 
components and a definite law of transformation. 

To define the magnitude of a vector it is necessary to introduce the 
concept of a metric tensor a.g; and to define direction it is necessary to 
introduce the concept of affine connection, T%s- In their absence there 
still exist vectors, reference frames, spaces, and other attributes of 
physical problems; only the two concepts magnitude and direction are 
missing. 


The Metric Tensor a,¢ * 


(a) If the self and mutual inductances (and moment of inertia) 
Gap of a synchronous or induction machine are known, their perform- 
ance can be predetermined under all conditions of operations. For 


* T.A.N., Chapter XVIII. 
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that reason the metric tensor dag plays an all-important part in the 
study of rotating machinery and of course in tensor analysis. In 
dynamical problems agg contains all the moments of inertia and 
products of inertia of the system; in geometrical problems agg con- 
tains the direction cosines of the reference axes. 

When the components of a vector, say i% (that is, the currents flow- 
ing in the various windings), are known, the magnitude of that vector is 
still unknown. In fact, no definition has been given hitherto of what 
the resultant vector i represents physically. 

(b) The absolute magnitude of |7| of a vector 7% is defined in 
tensor analysis with the aid of the metric tensor as 


(Magnitude of 1%)? = | i |? = aggi2i? 32.1 
Or, if the vector is covariant, like g,, its magnitude is defined as 
(Magnitude of ga)? = | 9 |? = a gage 32.2 


where a® is the inverse of dag. (Physically a%° represents short- 
circuit inductances.) 

Since the stored magnetic (kinetic) energy of a system is T = (14) 
Gapi*i", the magnitude of the current vector i* at any instant is equal to the 
square root of twice the magnetic energy stored in the system. 


Raising and Lowering Indices * 
Multiplication with the metric tensor a.g lowers an upper index, and 
multiplication with a®° raises a lower index, as 
1*dep = 1g or goa a of 


Sapa? = Sig and Si ags = S33" 


32.3 


Only the indices of tensors can be raised or lowered. Exceptions are 
Tog,y and [e8,y], whose third indices may be raised or lowered as 


Tep,ya7? = Tg and [e6,yla” = Pa 32.4 


When an index of a tensor ts raised or lowered, its physical meaning 
also changes. For instance, 7, is tdentical with gq (since L-i = g); 
similarly g% = 7%. R,' contains ‘decrement factors” r/L, G,° becomes 
identical with the “rotation tensor” 2. 


* A.T.E.M., Part XV, p. 145. 
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Covariant (or Absolute) Differentiation 
(a) Considering the equation of motion 31.13 


x8 a. 
Pa = roupit + dag dt + Toy ate 32.5 


dx? . . . 
the term dag 77 is not a tensor (since dx® is not a tensor, as shown in 


equation 30.3). Similarly the last term is not a tensor since I'g,,4 is not 
(it contains V). However, the sum of the last two terms, namely, 


di? 
Qag We + Vey,0%° 27 = A, 32.6 


is a tensor (since each of the other two terms of the equation is a tensor). 
That is, the induced voltages do not form a vector (a tensor of val- 
ence 1); neither do the generated voltages. But their sum is a tensor, 
no matter what reference frame is used. 

(b) This relation is used to define one of the basic operations of ten- 
sor analysis that always produces automatically a tensor out of 
another tensor in spite of the presence of differentiation. 

The “covariant (or absolute) derivative’’ of a vector AX is defined as 


+ 1%,dA¥— 32.7 


The covariant derivatives of tensors of various valence is defined 
with the aid of as many Ig, as the number of valence, e.g., 
bAB GA é 


dx? dx 
= T%, 48 re. Avy —. 
dt at tea Ga the dt 


32.8 


Covariant derivatives may be defined with respect to tensors of any 
valence. For instance, in field problems 
6A% 0A® 
— = -> T%3 dA? 32.9 
aah age + Tre 
(c) The importance of covariant derivatives is that they obey the 
rules of ordinary derivatives. E.g., 


5(AagBPY) = (8A gg) B87 + AggdBer 32.10 


Hence in many analyses the presence of '%g may be dispensed with and 
the analysis performed without being encumbered by Tag, How- 
ever, all differentiation symbols then represent covariant differentia- 
tions. 
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The Third Generalization Postulate 


(a) The preliminary postulate extends the use of a particular arith- 
metic equation to a large number of analogous cases by replacing each 
number with an algebraic symbol. The first postulate allows the 
extension of an equation from one degree (or a few degrees) of freedom 
to n degrees by replacing each algebraic symbol by an appropriate n- 
way matrix. The second postulate extends the use of the matric equa- 
tion (or equations) of a particular system for a large number of systems 
possessing the same types of reference frames by replacing each n-way 
matrix by an appropriate geometric object. 

(b) The next step in the generalization of the meaning of symbols 
concerns reference frames that have more complicated structures. It 
is comparatively easy to establish, say, the equation of motion of a 
particle moving on the plane. The question arises whether the simple 
equation of a plane may be generalized to apply to the motion of a 
particle on a curved surface, say on an ellipsoid. 

The third generalization postulate states: An invariant equation, 
valid for an infinite number of physical systems all possessing a simple 
type of reference frame, may be generalized to include reference frames of 
more complicated types, by replacing each geometric object by an appro- 
priate tensor. In particular all ordinary derivatives in the equation are 
replaced by covariant (or absolute) derivatives. 

(c) For instance, the invariant equation 

‘B 
la = Lap — 32.11 
valid for all possible stationary networks possessing magnetic (kinetic) 
energy, is valid for all rotating machinery if di®/dt is replaced by 
i? /dt. That is, the equation of performance of all rotating machines is 

518 di? 
0B Gy — Tat oy 


As another example, Newton’s law f = mdx/dt assumes in a recti- 
linear reference frame with 2 degrees of freedom the form 


dxf 
an as >, : 13 
f. Aap 32 


eg = L, + Tgy aii 32.12 


In any curvilinear reference frame and with generalized coordinates, 
the equation becomes, by virtue of the third postulate, 


5x ax? 
= Oya — = Gag —— + Tay att? 32.14 
te 2ap di Gap dt By, x 
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where the value of I'g,,. depends on the particular reference frame 
assumed. In holonomic reference frames I'g,,4 is the Christoffel sym- 
bol [a8,y] depending only on agg; in non-holonomic frames Pavia 
assumes a more general form. 


The Generalization of Maxwell’s Field Equations 


As one other illustration of the third generalization postulate, let the 
field equations of Maxwell, given in equation 14.7, be considered. The 
equations are valid in rectilinear reference frames that may move with 
a untform velocity along a straight line. If the axes are curvilinear 
and the reference frame has an accelerated motion, then equation 14.7 
assumes the form 


5H? aH 
be 7 + Pipl"? + T8gHe7 = 
5 F8 BE a ag a Sh, 
II er ea “pb + Preh 4 Tak = 0 
pa 32.15 
s* S 4 
III ae aaa + Vaas? = 0 
d~a  dy8 Ifa 9g 
YP = a8 — aut Beak age eter t Thee 


where the covariant derivatives are defined in equations 32.7 and 32.8. 
(A detailed analysis is given in another publication.*) These are the 
forms of the Maxwellian equations that apply to rotating electrical ma- 
chinery. 

Again Tag ,, implied in the covariant derivatives depends on the refer- 
ence frame used. In the special case when I'ag,7 = [a8,7] (that occurs 
in most field problems but not in rotating machinery), Maxwell’s 
equations assume the very simple form 


1 @V-—a H* dV —as* | 


ee I 
= aot Ss aa 0 III wots 
8V—a Fe Ova Op 
ar ea dig 


They are practically the same as equation 14.7 except that the deter- 
minant a of the metric tensor dag also appears in the equations as a 
scalar multiplier. 


* Kron, “Invariant Form of the Maxwell-Lorentz Field Equations for Accelerated 
Systems,” Journal of Applied Physics, March, 1938, p. 196. 
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The Expansion of a Tensor Equation 


Again it is emphasized that the use of the third postulate simplifies 
the problem only during the analysis. Before the constants of a par- 
ticular engineering structure may be put into the eauenons:: the tensor 
equations have to be expanded. In particular: 

1. The tensors (like 62%) have to be replaced by their equivalent 
geometric objects. 

2. The geometric objects have to be replaced by the n-matrices of the 
particular reference frame under discussion. 

3. The n-matrices have to be replaced by algebraic symbols. 

4. The algebraic symbols have to be replaced by their numerical 
value. 

That is, the more the analysis is condensed, the more routine work 
remains that has to be performed eventually. Of course, without con- 
densation the analytical work and the visualization of the phenomena 
would be in many cases either prohibitively complicated or impossible. 


The Establishment of Tensor Equations 


The main purpose of this book is to establish equations of perform- 
ance of electrical engineering systems in a rigorous manner. ‘To accom- 
plish that, certain elementary concepts of tensor analysis have been 
introduced. 

The purpose of tensor analysis, however, is not merely to establish 
equations of performance in a rigorous manner. That is only a second- 
ary role. A far more important role of the tensorial concepts is to 
establish the performance of physical systems in terms of actually 
existing, measurable quantities, that is, in terms of tensors only. In 
stationary networks this last role is of secondary importance since 
practically any method gives measurable quantities. But in case of 
rotating machinery, that is not so. In the familiar steady-state prob- 
lems long experience has already established certain routine methods 
that give measurable quantities, but in problems of hunting, little or 
no such engineering experience exists. 

To establish the equations of hunting of dynamical systems in terms 
of measurable physical quantities (tensors) only, still more advanced 
concepts of tensor analysis have to be employed; these, however, are 
not undertaken in this book. One advantage of such an analysis is the 
possibility of establishing equivalent stationary networks that corre- 
spond to the hunting system. If the equation of hunting of a machine 
is not a tensor equation, it is impossible to establish a stationary net- 
work that corresponds term by term to the given non-tensor equa- 
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tion.* The equations of hunting of slip-ring machines, as given in 
Chapter 29, are not tensor equations. 

In general, an equation of a physical system may be represented by 
a model (equivalent circuit) only if the equation is a tensor equation. 


* Kron, ‘Equivalent Circuits for the Hunting of Electrical Machinery,” Trans. 
A.L.E.E., 1942. 
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elaborate critical apparatus analyzing each definition, proposition, postulate, covering textual 
matters, mathematical analysis, commentators of all times, refutations, supports, extrapolations, 
etc. This is the full EUCLID. Unabridged reproduction of Cambridge U. 2nd edition. 3 volumes. 
Total of 995 figures, 1426pp. 5% x 8. $88,89,90 3 volume set, paperbound $6.00 


OPTICKS, Sir Isaac Newton. In its discussions of light, reflection, color, refraction, theories of 
wave and corpuscular theories of light, this work is packed with scores of insights and dis- 
coveries. In its precise and practical discussion of construction of optical apparatus, contemporary 
understandings of phenomena it is truly fascinating to modern physicists, astronomers, mathe- 
maticians. Foreword by Albert Einstein. Preface by |. B. Cohen of Harvard University. 7 pages 
of portraits, facsimile pages, letters, atc. cxvi -+ 414pp. 5%, x 8. $205 Paperbound $2.00 


THE PRINCIPLE OF RELATIVITY, A. Einstein, H. Lorentz, M. Minkowski, H. Weyl. These are the 
11 basic papers that founded the general and special theories of relativity, all translated into 
English. Two papers by Lorentz on the Michelson experiment, electromagnetic phenomena. 
Minkowski'’s SPACE & TIME, and Weyl’s GRAVITATION & ELECTRICITY. 7 epoch-making papers 
by Einstein; ELECTROMAGNETICS OF MOVING BODIES, INFLUENCE OF GRAVITATION IN PROP- 
AGATION OF LIGHT, COSMOLOGICAL CONSIDERATIONS, GENERAL THEORY, and 3 others. 7 
diagrams. Special notes by A. Sommerfeld.; 224pp. 5% x 8. $81 Paperbound $1.75 


THE ANALYTICAL THEORY OF HEAT, Joseph Fourier. This book, which revolutionized mathe- 
matical physics, is listed in the Great Books program, and many other listings of great books. 
It has been used with profit by generations of mathematicians and physicists who are interested 
in either heat or in the application of the Fourier integral. Covers cause and reflections of rays 
of heat, radiant heating, heating of closed spaces, use of trigonometric series in the theory of 
heat, Fourier integral, etc. Translated by Alexander Freeman. 20 figures. xxii -- 466pp. 
5% x 8. $93 Paperbound $2.00 


THE WORKS OF ARCHIMEDES, edited by T. L. Heath. All the known works of the great Greek 
mathematician are contained in this one volume, including the recently discovered Method of 
Archimedes. Contains: On Sphere & Cylinder, Measurement of a Circle, Spirals, Concids, Spher- 
oids, etc. This is the definitive edition of the greatest mathematical intellect of the ancient 
world. 186-page study by Heath discusses Archimides and the history of Greek mathematics. 
Bibliography. 563pp. 534 x 8. S9 Paperbound $2.00 


A PHILOSOPHICAL ESSAY ON PROBABILITIES, Marquis de Laplace. This famous essay explains 
without recourse to mathematics the principle of probability, and the application of probability 
to games of chance, natural philosophy, astronomy, many other fields. Translated from the 
6th French edition by F. W. Truscott, F. L. Emory, with new introduction for this edition by 
E. T. Bell. 204pp. 5% x 8. $166 Paperbound $1.25 


INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, Albert Einstein. Reprints 
from rare European journals. 5 basic papers, including the Elementary Theory of the Brownian 
Movement, written at the request of Lorentz to provide a simple explanation. Translated by 
A. D. Cowper. Annotated, edited by R. Firth. 33pp. of notes elucidate, give history of pre- 
vious investigations. Author, subject indexes. 62 footnotes. 124pp. 5% x 8. 

$304 Paperbound $1.25 


THE GEOMETRY OF RENE DESCARTES. With this book Descartes founded analytical geometry. 
Original French text, with Descartes’ own diagrams, and excellent Smith-Latham translation. 
Contains Problems the Construction of Which Requires Only Straight Lines and Circles; On the 
Nature of Curved Lines; On the Construction of Solid or Supersolid Problems. Notes. Diagrams. 
258pp. 5%, x 8. $68 Paperbound $1.50 


DIALOGUES CONCERNING TWO NEW SCIENCES, Galileo Galilei. This classic of experimental 
science, mechanics, engineering, is as enjoyable as it is important. Based on 30 years’ ex- 
perimentation and characterized by its author as ‘‘superior to everything else of mine,'’ it offers 
a lively exposition of dynamics, elasticity, sound, ballistics, strength of materials, and the sci- 
entific method. Translated by H. Grew and A. de Salvio. 126 diagrams. Index. xxi -+ 288pp. 
5% x 8. S99 Paperbound $1.65 


TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. For more than 80 years a 
seemingly inexhaustible source of leads for physicists, mathematicians, engineers. Total of 
1082pp. on such topics as Measurement of Quantities, Electrostatics, Elementary Mathematical 
Theory of Electricity, Electrical Work and Energy in a System of Conductors, General Theorems, 
Theory of Electrical Images, Electrolysis, Conduction, Polarization, Dielectrics, Resistance, etc. 
‘The greatest mathematical physicist since Newton,’’ Sir James Jeans. 3rd edition. 107 figures, 
21 plates. 1082pp. 5% x 8. $186 Clothbound $4.95 


PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. This classical examination of the propagation of 
light, color, polarization etc. offers a historical and philosophical treatment that has never been 
surpassed for breadth and easy readability. Contents: Rectilinear propagation of light. Reflec- 
tion, refraction. Early knowledge of vision. Dioptrics. Composition of Jight. Theory of color 
and dispersion. Periodicity. Theory of interference. Polarization. Mathematical representation 
of properties of light. Propagation of waves, etc. 279 illustrations, 10 portraits. Appendix. 
Indexes. 324pp. 5% x 8. S178 Paperbound $1.75 


THEORY OF ELECTRONS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT 
HEAT, H. Lorentz. Lectures delivered at Columbia University by Nobel laureate Lorentz. Un- 
abridged, they form a historical coverage of the theory of free electrons, motion, absorption 
of heat, Zeeman effect, propagation of light in molecular bodies, inverse Zeeman effect, optical 
phenomena in moving bodies, etc. 109 pages of notes explain the more advanced sections. 
Index. 9 figures. 352pp. 5%, x 8. $173 Paperbound $1.85 


MATTER & MOTION, James Clerk Maxwell. This excellent exposition begins with simple particles 
and proceeds gradually to physical systems beyond complete analysis: motion, force, properties 
of centre of mass of material system, work, energy, gravitation, etc. Written with all Maxwell's 
original insights and clarity! Notes by —. Larmor. 17 diagrams. 178pp. 5% x 8. 

$188 Paperbound $1.25 


AN INTRODUCTION TO THE STUDY OF EXPERIMENTAL MEDICINE, Cloude Bernard. 90-year-old 
classic of medical science, only major work of Bernard available in English, records his efforts 
to transform physiology into exact science. Principles of scientific research illustrated by specific 
case histories from his work; roles of chance, error, preliminary false conclusions, in leading 
eventually to scientific truth; use of hypothesis. Much of modern application of mathematics to 
biology rests on the foundation set down here. New foreword by Professor |. B. Cohen, Harvard 
Univ. xxv + 266pp. 5% x 8. T400 Paperbound $1.50 


PRINCIPLES OF MECHANICS, Heinrich Hertz. This last work by the great 19th century physicist 
is not only a classic, but of great interest in the logic of science. Creating a new system of 
mechanics based upon space, time, and mass, it returns to axiomatic analysis, to understanding 
of the formal or structural aspects of science, taking into account logic, observation, and a priori 
elements. Of great historical importance to Poincaré, Carnap, Einstein, Milne. A 20-page in- 
troduction by R. S. Cohen, Wesleyan University, analyzes the implications of Hertz’s thought and 
the logic of science. Bibliography. 13-page introduction of Helmholtz. xiii -+- 274pp. 5% x 8. 

$316 Clothbound $3.50 

$317 Paperbound $1.75 


ANIMALS IN MOTION, Eadweard Muybridge. Largest, most comprehensive selection of Muy- 
bridge's famous action photos of animals, from his ANIMAL LOCOMOTION. 3919 high-speed 
shots of 34 different animals and birds in 123 different types of action: horses, mules, oxen, 
pigs, goats, camels, elephants, dogs, cats, guanacos, sloths, lions, tigers, jaguars, raccoons, 
baboons, deer, elk, gnus, kangaroos, many others, in different actions—walking, running, 
flying, leaping. Horse alone shown in more than 40 different ways. Photos taken against ruled 
backgrounds; most actions taken from 3 angles at once: 90°, 60°, rear. Most plates original 
size. Of considerable interest to scientists as a classic of biology, as a record of actual facts 
of natural history and physiology. “‘A really marvellous series of plates,’’ NATURE (London}. 
‘'A monumental work,'’ Waldemar Kaempffert. Photographed by E. Muybridge. Edited by L. S. 
Brown, American Museum of Natural History. 74-page introduction on mechanics of motion. 
340 pages of plates, 3919 photographs. 41lépp. Deluxe binding, paper. (Weight 4% Ibs.) 
7% x 10%. T203 Clothbound $10.00 


THE HUMAN FIGURE IN MOTION, Eadweard Muybridge. This new edition of a great classic in 
the history of science and photography is the largest selection ever made from the original 
Muybridge photos of human action: 4789 photographs, illustrating 163 types of motion: walking, 
running, lifting, etc. in time-exposure sequence photos at speeds up to 1/6000th of a second. 
Men, women, children, mostly undraped, showing bone and muscle positions against ruled 
backgrounds, mostly taken at 3 angles at once. Not only was this a great work of photography, 
acclaimed by contemporary critics as a work of genius, it was also a great 19th century land- 
mark in biological research. Historical introduction by Prof. Robert Taft, U. of Kansas. Plates 
original size, full detail. Over 500 action strips. 407pp. 7% x 10%. 

T7204 Clothbound $10.00 


ON THE SENSATIONS OF TONE, Hermann Helmholtz. This is an unmatched coordination of such 
fields as acoustical physics, physiology, experiment, history of music. It covers the entire gamut 
of musical tone. Partial contents: relation of vibration, resonance, analysis of tones by sym- 
pathetic resonance, beats, chords, tonality, consonant chords, discords, progression of parts, etc. 
33 appendixes discuss various aspects of sound, physics, acoustics, music, etc. Translated 
by A. J. Ellis. New introduction by Prof. Henry Margenau of Yale. 68 figures. 43 musical 
passages analyzed. Over 100 tables. Index. xix + 576pp. 6% x 9%. 

$114 Clothbound $4.95 


COLLECTED WORKS OF BERNHARD RIEMANN. This important source book is the first to contain 
the complete text of both 1892 Werke and the 1902 supplement, unabridged. It contains 31 
monographs, 3 complete lecture courses, 15 miscellaneous papers, which have been of enor- 
mous importance in relativity, topology, theory of complex variables, and other areas of mathe- 
matics. Edited by R. Dedekind, H. Weber, M. Noether, W. Wirtinger. German text. English 
introduction by Hans Lewy. 690pp. 5% x 8. $226 Paperbound $2.85 


CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, Georg Cantor. 
These papers founded a new branch of mathematics. The famous articles of 1895-7 are trans- 
lated with an 82-page introduction by P. £. B. Jourdain dealing with Cantor, the background 
of his discoveries, their results, future possibilities. Bibliography. Index. Notes. ix + 211pp. 
5% x 8. $45 Paperbound $1.25 


PRINCIPLES OF PSYCHOLOGY, William James. This is the complete ‘‘Long Course,’’ which is not 
to be confused with abridged editions. It contains all the wonderful descriptions, deep insights 
that. have caused it to be a permanent work in all psychological libraries. Partial contents: 
functions of the brain, automation theories, mind-stuff theories, relation of mind to other things, 
consciousness, times, space, thing perception, will, emotions, hypnotism, and dozens of other 
areas in descriptive psychology. ‘'A permanent classic like Locke’s ESSAYS, Hume's TREATISE,"' 
John Dewey. ‘‘The preeminence of James in American psychology is unquestioned,’’ PERSONALIST. 
“The American classic in psychology—unequaled in breadth ard scope in the entire psychological 
literature,"’ PSYCHOANALYTICAL QUARTERLY. Index. 94 figures. 2 volumes bound as one. 
Total of 1408pp. T381 Vol. 1. Paperbound $2.00 


T382 Vol. 2. Paperbound $2.00 
RECREATIONS 


SEVEN SCIENCE FICTION NOVELS OF H. G. WELLS. This is the complete text, unabridged, of 
seven of Wells's greatest novels: War of the Worlds, The Invisible Man, The Island of Dr. 
Moreau, The Food of the Gods, The First Men in the Moon, In the Days of the Comet, The 
Time Machine. Still considered by many experts to be the best science-fiction ever written, 
they will offer amusement and instruction to the scientific-minded reader. 1015pp. 5%, x 8. 

T1264 Clothbound $3.95 


28 SCIENCE FICTION STORIES OF H. G. WELLS. Unabridged! This enormous omnibus contains 
2 full-length novels—Men Like Gods, Star Begotten—plus 26 short stories of space, time, in- 
vention, biology, etc. The Crystal Egg, The Country of the Blind, Empire of the Ants, The Man 
Who Could Work Miracles, Aepyornis Island, A Story of the Days to Come, and 22 others! 
915pp. 5%, x 8. T265 Clothbound $3.95 


FLATLAND, £. A. Abbott. This is a perennially popular science-fiction classic about life in a 
two-dimensioned world, and the impingement of higher dimensions. Political, satiric, humorous, 
moral overtones. Relativity, the fourth dimension, and other aspects of modern science are 
explained more clearly than in most texts. 7th edition. New introduction by Banesh Hoffmann. 
128pp. 5% x 8. Tl Paperbound $1.00 


CRYPTANALYSIS, Helen F. Gaines. (Formerly ELEMENTARY CRYPTANALYSIS.) A standard ele- 
mentary and intermediate text for serious students. it does not confine itself to old material, 
but contains much that is not generally known except to experts. Concealment, Transposition, 
Subsititution ciphers; Vigenere, Kasiski, Playfair, multafid, dozens of other techniques. Appendix 
with sequence charts, letter frequencies in English,.5 other languages, English word frequencies. 
Bibliography. 167 codes. New to this edition: solutions to codes. vi + 230pp. 5% x 8%. 

T97 Paperbound $1.95 


FADS AND FALLACIES !N THE NAME OF SCIENCE, Martin Gardner. Examines various cults, 
quack systems, frauds, delusions which at various times have masqueraded as science. Accounts 
of hollow-earth fanatics like Symmes; Velikovsky and wandering planets; Hoerbiger; Bellamy 
and the theory of multiple moons; Charles Fort, dowsing, pseudoscientific methods for finding 
water, ores, oil. Sections on naturopathy, iridiagnosis, zone therapy, food fads, etc. Analytical 
accounts of Wilhelm Reich and orgone sex energy; L. Ron Hubbard and Dianetics; A. Korzybski 
and General Semantics; many others. Brought up to date jo include Bridey Murphy, others. 
Not just a collection of anecdotes, but a fair, reasoned appraisal of eccentric theory. Formerly 
titled IN THE NAME OF SCIENCE. Preface. Index. x + 384pp. 5% x 8. 

T1394 Paperbound $1.50 


REINFELD ON THE END GAME IN CHESS, Fred Reinfeld. Analyzes 62 end games by Alekhine, 
Flohr, Tarrasch, Morphy, Bogolyubov, Capablanca, Vidmar, Rubinstein, Lasker, Reshevsky, other 
masters. Only first-rate book with extensive coverage of error; of immense aid in pointing out 
errors you might have made. Centers around transitions from middle play to various types of 
end play. King & pawn endings, minor piece endings, queen endings, bad bishops, blockage, 
weak pawns, passed pawns, etc. Formerly titled PRACTICAL END PLAY. 62 figures. vi +- 177pp. 
5%, x 8. T417 Paperbound $1.25 


PUZZLE QUIZ AND STUNT FUN, Jerome Meyer. 238 high-priority puzzles, stunts, and tricks— 
mathematical puzzles like The Clever Carpenter, Atom Bomb, Please Help Alice; mysteries and 
deductions like The Bridge of Sighs, Dog Logic, Secret Code; observation puzzlers like The 
American Flag, Playing Cards, Telephone Dial; more than 200 others involving magic squares, 
tongue twisters, puns, anagrams, word design. Answers included. Revised, enlarged edition 
of FUN-TO-DO. Over 100 illustrations. 238 puzzles, stunts, tricks. 256pp. 5%, x 8. 

1337 Paperbound $1.00 


THE BOOK OF MODERN PUZZLES, G. L. Kauvfman. More than 150 word puzzles, logic puzzles. 
No warmed-over fare but all new material based on same appeals that make crosswords and 
deduction puzzles popular, but with different principles, techniques. Two-minute teasers, in- 
volved word-labyrinths, design and pattern puzzles, puzzles calling for logic and observation, 
puzzles testing ability to apply general knowledge to peculiar situations, many others. Answers 
to all problems. 116 illustrations. 192pp. 5% x 8. T1143 Paperbound $1.00 


101 PUZZLES IN THOUGHT AND LOGIC by C. R. Wylie, Jr. Designed for readers who enjoy 
the challenge and stimulation of logical puzzles without specialized mathematical or scientific 
knowledge. These problems are entirely new and range from relatively easy, to brainteasers 
that will afford hours of subtle entertainment. Detective problems, how to find the lying fisher- 
man, how a blindman can identify color by logic, and many more, Easy-to-understand intro- 
duction to the logic of puzzle solving and general scientific method. 128pp. 5% x 8. 

1367 Paperbound $1.00 


MATHEMAGIC, MAGIC PUZZLES, AND GAMES WITH NUMBERS, Royal V. Heath. Over 60 new 
puzzles and stunts based on properties of numbers. Demonstrates easy techniques for multiply- 
ing large numbers mentally, identifying unknown numbers, determining date of any day in 
any year, dozens of similar useful, entertaining applications of mathematics. Entertainments 
like The Lost Digit, 3 Acrobats, Psychic Bridge, magic squares, triangles, cubes, circles, other 
material not easily found elsewhere. Edited by J. S. Meyer. 76 illustrations. 128pp. 5% x 8. 

T110 Paperpound $1.00 


LEARN CHESS FROM THE MASTERS, Fred Reinfeld. Improve your chess, rate your improvement, 
by playing against Marshall, Znosko-Borovsky, Bronstein, Najdorf, others. Formerly titled 
CHESS BY YOURSELF, this book contains 10 games in which you move against masters, and 
grade your moves by an easy system. Games selected for interest, clarity, easy principles; 
illustrate common openings, both classical and modern. Ratings for 114 extra playing situations 
that might have arisen. Full annotations. 91 diagrams. viii + 144pp. 5%ex 8. 

T1362 Paperbound $1.00 


THE COMPLETE NONSENSE OF EDWARD LEAR. Original text & illustrations of all Lear's non- 
sense books: A BOOK OF NONSENSE, NONSENSE SONGS, MORE NONSENSE SONGS, LAUGH- 
ABLE LYRICS, NONSENSE SONGS AND STORIES. Only complete edition available at popular 
price. Old favorites such as The Dong With a Luminous Nose, hundreds of other delightful bits 
of nonsense for children & adults. 214 different limericks, each illustrated by Lear; 3 different 
sets of Nonsense Botany; 5 Nonsense Alphabets; many others. 546 illustrations. 320pp. 5% x 8. 

T167 Paperbound $1.00 


CRYPTOGRAPHY, D. Smith. Excellent elementary introduction to enciphering, deciphering secret 
writing. Explains transposition, substitution ciphers; codes; solutions. Geometrical patterns, 
route transcription, columnar transposition, other methods. Mixed cipher systems; single-alphabet, 
polyalphabetical substitution; mechanical devices; Vigenere system, etc. Enciphering Japanese; 
explanation of Baconian Biliteral cipher frequency tables. More than 150 problems provide 
practical application. Bibliography. Index. 164pp. 5% x 8. T1247 Paperbound $1.00 


MATHEMATICAL EXCURSIONS, Helen A. Merrill. Fun, recreation, insights into elementary prob- 
lem-solving. A mathematical expert guides you along by-paths not generally travelled in ele- 
mentary math courses—how to divide by inspection, Russian peasant system of multiplication; 
memory systems for pi; building odd and even magic squares; dyadic systems; facts about 37; 
square roots by geometry; Tchebichev’s machine; drawing five-sided figures; dozens more. 
Solutions to more difficult ones. 50 illustrations. 145pp. 5% x 8. T1350 Paperbound $1.00 


MATHEMATICAL RECREATIONS, M. Kraitchik. Some 250 puzzles, problems, demonstrations of 
recreational mathematics for beginners & advanced mathematicians. Unusual historical problems 
from Greek, Medieval, Arabic, Hindu sources; modern problems based on ‘‘mathematics without 
numbers,’ geometry, topology, arithmetic, etc. Pastimes derived from figurative numbers, Mer- 
senne numbers, Fermat numbers; fairy chess, latruncles, reversi, many other topics. Full solutions. 
Excellent for insights into special fields of math. 181 illustrations. 330pp. 5% x 8. 

T163 Paperbound $1.75 


MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUSIASTS, G. Mott-Smith. 188 mathematical 
puzzles to test mental agility. Inference, interpretation, algebra, dissection of plane figures, 
geometry, properties of numbers, decimation, permutations, probability, all enter these delightful 
problems. Puzzles like the Odic Force, How to Draw an Ellipse, Spider's Cousin, more than 
180 others. Detailed solutions. Appendix with square roots, triangular numbers, primes, etc. 
135 illustrations. 2nd revised edition. 248pp. 5%, x 8. T198 Paperbound $1.00 


NEW WORD PUZZLES, Gerald L. Kaufman. Contains 100 brand new challenging puzzles based 
on words and their combinations, never published before in any form. Most are new types 
invented by the author—for beginners or experts. Chess word puzzles, addle letter anagrams, 
double word squares, double horizontals, alphagram puzzles, dual acrostigrams, linkogram 
lapwords—plus 8 other brand new types, all with solutions included. 196 figures. 100 brand 
new puzzles. vi + 122pp. 5%, x 8. 1344 Paperbound $1.00 


MATHEMATICS, MAGIC AND MYSTERY, Martin Gardner. Card tricks, feats of mental mathe- 
matics, stage mind-reading, other ‘‘magic’’ explained as applications of probability, sets, theory 
of numbers, topology, various branches of mathematics. Creative examination of laws and their 


application, with sources of new tricks and insights. 115 sections discuss tricks with cards, 
dice, coins; geometrical vanishing tricks, dozens of others. No sleight of hand needed; mathe- 
matics guarantees success. 115 illustrations. xii + 174pp. 5%, x 8. T335 Paperbound $1.00 


MATHEMATICS ELEMENTARY TO INTERMEDIATE 


HOW TO CALCULATE QUICKLY, Henry Sticker. This handy volume offers a tried and true method 
for helping you in the basic mathematics of daily life—addition, subtraction, multiplication, di- 
vision, fractions, etc. It is designed to awaken your ‘‘number sense’’ or the ability to see rela- 
tionships between numbers as whole quantities. It is not a collection of tricks working only on 
special numbers, but a serious course of over 9,000 problems and their solutions, teaching 
special techniques not taught in schools: left-to-right multiplication, new fast ways of division, 
etc. 5 or 10 minutes daily use will double or triple your calculation speed. Excellent for the 
scientific worker who is at home in higher math, but is not satisfied with his speed and accuracy 
in lower mathematics. 256pp. 5x7%. T295 Paperbound $1.00 


FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, Felix Klein. Expanded version of the 1894 
Easter lectures at Gottingen. 3 problems of classical geometry: squaring circle, trisecting angle, 
doubling cube, considered with full modern implications: transcendental numbers, pi, etc. Notes 
by R. Archibald. 16 figures. xi + 92pp. 5% x 8. T348 Clothbound $1.50 

T298 Paperbound $1.00 


HIGHER MATHEMATICS FOR STUDENTS OF CHEMISTRY AND PHYSICS, J. W. Mellor. Not abstract, 
but practical, building its problems out of familiar laboratory material, this covers differential 
calculus, coordinate, analytical geometry, functions, integral calculus, infinite series, numerical 
equations, differential equations, Fourier's theorem, probability, theory of errors, calculus of 
variations, determinants. ‘‘If the reader is not familiar with this book, it will repay him to 
examine it,"' CHEM. & ENGINEERING NEWS. 800 problems, 189 figures. Bibliography. xxi 
+ 641pp. 5% x8. $193 Paperbound $2.00 


TRIGONOMETRY REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. 913 detailed questions and 
answers cover the most important aspects of plane and spherical trigonometry. They will help 
you to brush up or to clear up difficulties in special areas.—The first portion of this book covers 
plone trigonometry, including angles, quadrants, trigonometrical functions, graphical representa- 
tion, interpolation, equations, logarithms, solution of triangle, use of the slide rule and similar 
topics- 188 pages then discuss application of plane trigonometry to special problems in naviga- 
tion, surveying, elasticity, architecture, and various fields of engineering. Small angles, periodic 
functions, vectors, polar coordinates, De Moivre's theorem are fully examined—The third section 
of the book then discusses spherical trigonometry and the solution of spherical triangles, with 
their applications to terrestrial and astronomical problems. Methods of saving time with nu- 
merical calculations, simplification of principal functions of angle, much practical information 
make this a most useful book—913 questions answered. 1738 problems, answers to odd num- 
bers. 494 figures. 24 pages of useful formulae, functions. Index. x + 629pp. 5% x 8. 
T1371 Paperbound $2.00 


CALCULUS REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. This book is unique in English as 
a refresher for engineers, technicians, students who either wish to brush up their calculus or 
to clear up uncertainties. If is not an ordinary text, but an examination of most important 
aspects of integral and differential calculus in terms of the 756 questions most likely to occur 
to the technical reader. The first part of this book covers simple differential calculus, with con- 
stants, variables, functions, increments, derivatives, differentiation, logarithms, curvature of 
curves, and similar topics—The second part covers fundamental ideas of integration, inspection, 
substitution, transformation, reduction, areas and volumes, mean value, successive and partial 
integration, double and triple integration. Practical aspects are stressed rather than theoretical. 
A 50-page section illustrates the application of calculus to specific problems of civil and nautical 
engineering, electricity, stress and strain, elasticity, industrial engineering, and similar fields.— 
756 questions answered. 566 problems, mostly answered. 36 pages of useful constants, for- 
mulae for ready reference. Index. v + 43lpp. 5% x 8. T370 Paperbound $2.00 


MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, edited by J. W. A. Young. Advanced 
mathematics for persons who haven't gone beyond or have forgotten high school algebra. 9 
monographs on foundation of geometry, modern pure geometry, non-Euclidean geometry, fun- 
damental propositions of algebra, algebraic equations, functions, calculus, theory of numbers, 
etc. Each monograph gives proofs of important results, and descriptions of leading methods, to 
provide wide coverage. New introduction by Prof. M. Kline, N. Y. University. 100 diagrams. 
xvi + 416pp. 64% x94. $289 Paperbound $2.00 


MATHEMATICS: INTERMEDIATE TO ADVANCED 


INTRODUCTION TO THE THEORY OF FOURIER’S SERIES AND INTEGRALS, H. S. Carslaw. 3rd 
revised edition. This excellent introduction is an outgrowth of the author's courses at Cambridge. 
Historical introduction, rational and irrational numbers, infinite sequences and series, functions 
of a single variable, definite integral, Fourier series, Fourier integrals, and similar topics. 
Appendixes discuss practical harmonic analysis, periodogram analysis, Lebesgues theory. Indexes. 
84 examples, bibliography. xiii + 368 pp. 5% x 8. $48 Paperbound $2.00 


INTRODUCTION TO THE THEORY OF NUMBERS, L. £. Dickson. Thorough, comprehensive approach 
with adequate coverage of classical literature, an introductory volume beginners can follow. 
Chapters on divisibility, congruences, quadratic residues & reciprocity, Diophantine equations, etc. 
Full treatment of binary quadratic forms without usual restriction to integral coefficients. Covers 
infinitude of primes, least residues, Fermat's theorem, Euler's phi function, Legendre's symbol, 
Gauss's lemma, automorphs, reduced forms, recent theorems of Thue & Siegel, many more. 
Much material not readily available elsewhere. 239 problems. Index. 1 figure. viii + 183pp. 
5%, x 8. $342 Paperbound $1.65 


MECHANICS VIA THE CALCULUS, P. W. Norris, W. S. Legge. Covers almost everything from 
linear motion to vector analysis: equations determining motion, linear methods, compounding of 
simple harmonic motions, Newton's laws of motion, Hooke’s law, the simple pendulum, motion 
of a particle in 1 plane, centers of gravity, virtual work, friction, kinetic energy of rotating 
bodies, equilibrium of strings, hydrostatics, sheering stresses, elasticity, etc. 550 problems. 3rd 
revised edition. xii ++ 367pp. $207 Clothbound $3.95 


NON-EUCLIDEAN GEOMETRY, Roberto Bonola. The standard coverage of non-Euclidean geometry. 
lt examines from both a historical and mathematical point of view the geometries which have 
arisen from a study of Euclid’s 5th postulate upon parallel lines. Also included are complete 
texts, translated, of Bolyai's THEORY OF ABSOLUTE SPACE, Lobachevsky’s THEORY OF PARALLELS. 
180 diagrams. 43lpp. 5% x 8. $27 Paperbound $1.95 


ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. Littlewood. Based on lectures given at 
Trinity College, Cambridge, this book has proved to be extremely successful in introducing 
graduate students to the modern theory of functions. It offers a full and concise coverage of 
classes and cardinal numbers, well-ordered series, other types of series, and elements of the 
theory of sets of points. 3rd revised edition. vii + 71pp. 5% x 8. $171 Clothbound $2.85 

$172 Paperbound $1.25 


THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER, E. V. Huntington. This famous book 
gives a systematic elementary account of the modern history of the continuum as a type of 
serial order. Based on the Cantor-Dedekind ordinal theory, which requires no technical knowledge 
of higher mathematics, it offers an easily followed analysis of ordered classes, discrete and 
dense series, continuous series, Cantor's transfinite numbers. 2nd edition. Index. viii + 82pp. 
5% x 8. $129 Clothbound $2.75 

$130 Paperbound $1.00 


GEOMETRY OF FOUR DIMENSIONS, H. P. Manning. Unique in English as a clear, concise intro- 
duction. Treatment is synthetic, and mostly Euclidean, although in hyperplanes and hyperspheres 
at infinity, non-Euclidean geometry is used. Historical introduction. Foundations of 4-dimensional 
geometry. Perpendicularity, simple angles. Angles of planes, higher order. Symmetry, order, 
motion; hyperpyramids, hypercones, hyperspheres; figures with parallel elements; volume, hyper- 
volume in space; regular polyhedroids. Glossary. 78 figures. ix + 348pp. 5% x 8. 

S181 Clothbound $3.95 

$182 Paperbound $1.95 


VECTOR AND TENSOR ANALYSIS, G. E. Hay. One of the clearest introductions to this increasingly 
important subject. Start with simple definitions, finish the book with a sure mastery of oriented 
Cartesian vectors, Christoffel symbols, solenoidal tensors, and their applications. Complete break- 
down of plane, solid, analytical, differential geometry. Separate chapters on application. All 
fundamental formulae listed & demonstrated. 195 problems, 66 figures. viii + 193pp. 5% x 8. 

$109 Paperbound $1.75 


INTRODUCTION TO THE DIFFERENTIAL EQUATIONS OF PHYSICS, L. Hopf. Especially valuable 
to the engineer with no math beyond elementary calculus. Emphasizing intuitive rather than 
formal aspects of concepts, the author covers an extensive territory. Partial contents: Law of 
causality, energy theorem, damped oscillations, coupling by friction, cylindrical and spherical 
coordinates, heat source, etc. Index. 48 figures. I60pp. 5% x 8. $120 Paperbound $1.25 


INTRODUCTION TO THE THEORY OF GROUPS OF FINITE ORDER, R. Carmichael. Examines funda- 
mental theorems and their application. Beginning with sets, systems, permutations, etc., it 
progresses in easy stages through important types of groups: Abelian, prime power, permutation, 
etc. Except 1 chapter where matrices are desirable, no higher math needed. 783 exercises, 
problems. Index. xvi -++ 447pp. 5% x 8. $299 Clothbound $3.95 

$300 Paperbound $2.00 


THEORY OF GROUPS OF FINITE ORDER, W. Burnside. First published some 40 years ago, this is 
still one of the clearest introductory texts. Partial contents: permutations, groups independent 
of representation, composition series of a group, isomorphism of a group with itself, Abelian 
groups, prime power groups, permutation groups, invariants of groups of linear substitution, 
graphical representation, etc. 45pp. of notes. Indexes. xxiv + 512pp. 5% x 8. 

$38 Paperbound $2.45 


INFINITE SEQUENCES AND SERIES, Konrad Knopp. First publication in any language! Excellent 
introduction to 2 topics of modern mathematics, designed to give the student background to 
penetrate farther by himself. Sequences & sets, real & complex numbers, etc. Functions of a 
teal & complex variable. Sequences & series. Infinite series. Convergent power series. Expansion 
of elementary functions. Numerical evaluation of series. Bibliography. v + 186pp. 5% x 8. 

$152 Clothbound $3.50 

$153 Paperbound $1.75 


THEORY OF SETS, E. Kamke. Clearest, amplest introduction in English, well suited for independent 
study. Subdivisions of main theory, such as theory of sets of points, are discussed, but emphasis 
is on general theory. Partial contents: rudiments of set theory, arbitrary sets and their cardinal 
numbers, ordered sets and their order types, well-ordered sets and their ordinal numbers. 
Bibliography. Key to symbols. Index. vii + 144pp. 5% x 8. $141 Paperbound $1.35 


ELEMENTS OF NUMBER THEORY, I. M. Vinogradov. Detailed Ist course for persons without 
advanced mathematics; 95% of this book can be understood by readers who have gone no 
farther than high school algebra. Partial contents: divisibility theory, important number theoretical 
functions, congruences, primitive roots and indices, etc. Solutions to both problems and exercises. 
Tables of primes, indices, etc. Covers almost every essential formula in elementary number 
theory! 233 problems, 104 exercises. viii -+ 227pp. 5% x 8. $259 Paperbound $1.60 


FIVE VOLUME ‘“‘THEORY OF FUNCTIONS’’ SET BY KONRAD KNOPP. This five-volume set, prepared 
by Konrad Knopp, provides a complete and readily followed account of theory of functions. 
Proofs are given concisely, yet without sacrifice of completeness or rigor. These volumes are 
used as texts by such universities as M.I.T., University of Chicago, N. Y. City College, and many 
others. ‘‘Excellent introduction... remarkably readable, concise, clear, rigorous,'' JOURNAL 
OF THE AMERICAN STATISTICAL ASSOCIATION. 


ELEMENTS OF THE THEORY OF FUNCTIONS, Konrad Knopp. This book provides the student with 
background for further volumes in this set, or texts on a similar level. Partial contents: Founda- 
tions, system of complex numbers and the Gaussian plane of numbers, Riemann sphere of numbers, 
mapping by linear functions, normal forms, the logarithm, the cyclometric functions and binomial 
series. ‘‘Not only for the young student, but also for the student who knows all about what is 
in it,'" MATHEMATICAL JOURNAL. Bibliography. Index. 140pp. 5% x 8. $154 Paperbound $1.35 


« 
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THEORY OF FUNCTIONS, PART 1., Konrad Knopp. With volume I!, this book provides coverage 
of basic concepts and theorems. Partial contents: numbers and points, functions of a complex 
variable, integral of a continuous function, Cauchy's integral theorem, Cauchy's integral formulae, 
series with variable terms, expansion of analytic functions in power series, analytic continuation 
and complete definition of analytic functions, entire transcendental functions, Laurent expansion, 
types of singularities. Bibliography. index. vii + 146pp. 5% x 8. $156 Paperbound $1.35 


THEORY OF FUNCTIONS, PART If., Konrad Knopp. Application and further development of generat 
theory, special topics. Single valued functions: entire, Weierstrass. Meromorphic functions: 
Mittag-Leffler. Periodic functions. Multiple-valued functions. Riemann surfaces. Algebraic func- 
tions. Analytical configuration, Riemann surface. Bibliography. index. x + 150pp. 5% x 8. 

$157 Paperbound $1.35 


PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 1., Konrad Knopp. Problems in 
elementary theory, for use with Knopp’s THEORY OF FUNCTIONS, or any other text, arranged 
according to increasing difficulty. Fundamental concepts, sequences of numbers and _ infinite 
series, complex variable, integral theorems, development in series, conformal mapping. Answers. 
viii + 126pp. 5% x 8. $158 Paperbound $1.35 


PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 2, Konrad Knopp. Advanced theory 
of functions, to be used either with Knopp's THEORY OF FUNCTIONS, or any other comparable 
text. Singularities, entire & meromorphic functions, periodic, analytic, continuation, multiple- 
valued functions, Riemann surfaces, conformal mapping. Includes a_ section of additional 
elementary problems. ‘The difficult task of selecting from the immense material of the modern 
theory of functions the problems just within the reach of the beginner is here masterfully 
accomplished,'’ AM. MATH. SOC. Answers. 138pp. 5% x 8. $159 Paperbound $1.35 


SYMBOLIC LOGIC 


AN INTRODUCTION TO SYMBOLIC LOGIC, Susanne K. Langer. Probably the clearest book ever 
written on symbolic logic for the philosopher, general scientist and layman. It will be particularly 
appreciated by those who have been rebuffed by other introductory works because of insufficient 
mathematical training. No special knowledge of mathematics is required. Starting with the 
simplest symbols and conventions, you are led to a remarkable grasp of the Boole-Schroeder and 
Russell-Whitehead systems clearly and quickly. PARTIAL CONTENTS: Study of forms, Essentials of 
logical structure, Generaiization, Classes, The deductive system of classes, The algebra of logic, 
Abstraction of interpretation, Calculus of propositions, Assumptions of PRINCIPIA MATHEMATICA, 
Logistics, Logic of the syllogism, Proofs of theorems. ‘'One of the clearest and simplest intro- 
ductions to a subject which is very much alive. The style is easy, symbolism is introduced 
gradually, and the intelligent non-mathematican should have no difficulty in following argument,’ 
MATHEMATICS GAZETTE. Revised, expanded second edition. Truth-value tables. 368pp. 5% x 8. 

$164 Paperbound $1.75 


THE ELEMENTS OF MATHEMATICAL LOGIC, Pau! Rosenbloom. FIRST PUBLICATION IN ANY 
LANGUAGE. This book is intended for readers who are mature mathematically, but have no 
previous training in symbolic logic. It does not limit itself to a single system, but covers the 
field as a whole. It is a development of lectures given at Lund University, Sweden in 1948. 
Partial contents: Logic of classes, fundamental theorems, Boolean algebra, logic of propositions, 
logic of propositional functions, expressive languages, combinatory logics, development of mathe- 
matics within an object language, paradoxes, theorems of Post and Goedel, Church's theorem, and 
similar topics. iv + 214pp. 5% x 8. $277 Paperbound $1.45 


THE LAWS OF THOUGHT, George Boole. This book founded symbolic logic some hundred years 
ago. It is the Ist significant attempt to apply logic to all aspects of human endeavour. Partial 
contents: derivation of laws, signs & laws, interpretations, eliminations, conditions of a perfect 
method, analysis, Aristotelian logic, probability, and similar topics. xviii + 424pp. 5% x 8. 


$28 Paperbound $2.00 
ELEMENTARY MATHEMATICS FROM AN 
ADVANCED STANDPOINT, Felix Klein. 


This classic text is an outgrowth of Klein's famous integration and survey course at Gottingen. 
Using one field of mathematics to interpret, adjust, illuminate another, it covers basic topics in 


each area, illustrating its discussion with extensive analysis. It is especially valuable in consid- 
ering areas of modern mathematics. ‘‘Makes the reader feel the inspiration of . . . a great 
mathematician, inspiring teacher . . . with deep insight into the foundations and interrelations,”’ 


BULLETIN, AMERICAN MATHEMATICAL SOCIETY. 


Vol. 1. ARITHMETIC, ALGEBRA, ANALYSIS. Introducing the concept of function immediately, it 
enlivens abstract discussion with graphical and geometrically perceptual methods. Partial contents: 
natural numbers, extension of the notion of number, special properties, complex numbers. Real 
equations with real unknowns, complex quantities. Logarithmic, exponential functions, goniometric 
functions, infinitesimal calculus. Transcendence of e and pi, theory of assemblages. Index. 125 
figures. ix + 247pp. 5% x 8. $150 Paperbound $1.75 


Vol. 2. GEOMETRY. A comprehensive view which accompanies the space perception inherent in 
geometry with analytic formulas which facilitate precise formulation. Partial contents: Simplest 
geometric manifolds: line segment, Grassmann determinant principles, classification of configura- 
tions of space, derivative manifolds. Geometric transformations: affine transformations, projective, 
higher point transformations, theory of the imaginary. Systematic discussion of geometry and its 
foundations. Indexes. 141 illustrations. ix -—+ 214pp. 5% x 8. $151 Paperbound $1.75 


MATHEMATICS: ADVANCED 


ALMOST PERIODIC FUNCTIONS, A. S. Besicovitch. This unique and important summary by a 
well-known mathematician covers in detail the two stages of development in Bohr's theory of 
almost periodic functions: (1) as a generalization of pure periodicity, with results and proofs; 
(2) the work done by Stepanoff, Wiener, Weyl, and Bohr in generalizing the theory. Bibliography. 
xi -+ 180pp. 5% x 8. $17 Clothbound $3.50 

$18 Paperbound $1.75 


LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE, 
Felix Kleia. The solution of quintics in terms of rotations of a regular icosahedron around its 
axes of symmetry. A classic & indispensable source for those interested in higher algebra, 
geometry, crystallography. Considerable explanatory material included. 230 footnotes, mostly 
bibliographic. 2nd edition, xvi + 289pp. 5% x 8. $314 Paperbound $1.85 


LINEAR INTEGRAL EQUATIONS, W. V. Lovitt. Systematic survey of general theory, with some 
application to differential equations, calculus of variations problems of math, physics. Partial 
contents: integral equations of 2nd kind by successive substitutions; Fredholm's equation as ratio 
of 2 integral series in lambda, applications of the Fredholm theory, Hilbert-Schmidt theory of 
symmetric kernels, application, etc. Neumann, Dirichlet, vibratory problems. Index. ix -+ 253pp. 
5% x 8. $175 Clothbound $3.50 

$176 Paperbound $1.60 
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MATHEMATICAL FOUNDATIONS OF STATISTICAL MECHANICS, A. I. Khinchin. Offering a precise 
and rigorous formulation of problems, this book supplies a thorough and up-to-date exposition. 
It provides analytical tools needed to replace cumbersome concepts, and furnishes for the first 
time a logical step-by-step introduction to the subject. Partial contents: geometry & kinematics 
of the phase space, ergodic problem, reduction to theory of probability, application of central 
limit problem, idea! monatomic gas, foundation of thermodynamics, dispersion and distributions 
of sum functions. Key to notations. Index. xiii + 179pp. 5% x 8. $146 Clothbound $2.95 
6147 Paperbound $1.35 


ORDINARY DIFFERENTIAL EQUATIONS, E. L. ince. A most compendious analysis in real and 
complex domains. Existence and nature of solutions, continuous transformation groups, solutions 
in an infinite form, definite integrals, algebraic theory, Sturmian theory, boundary problems, 


existence theorems, Ist order, higher order, etc. ‘‘Deserves the highest praise, a notable addition 
to mathematical literature,"' BULLETIN, AM. MATH. SOC. Historical appendix. Bibliography. 
18 figures. viii + 558pp. 5% x 8. $349 Paperbound $2.55 


TRIGONOMETRICAL SERIES, Antoni Zygmund. Unique in any language on modern advanced level. 
Contains carefully organized analyses of trigonometric, orthogonal, Fourier systems of functions, 
with clear adequate descriptions of summability of Fourier series, proximation theory, conjugate 
series, convergence, divergence of Fourier series. Especially valuable for Russian, Eastern European 
coverage. Bibliography. 329pp. 5% x 8. $290 Paperbound $1.50 


ROUNDATIONS OF POTENTIAL THEORY, ©. D. Kellogg. Based on courses given at Harvard this 
is suitable for both advanced and beginning mathematicians. Proofs are rigorous, and much 
material not generally available elsewhere is included. Partial contents: forces of gravity, fields 
of force, divergence theorem, properties of Newtonian potentials at points of free space, potentials 
as solutions of Laplace's equations, harmonic functions, electrostatics, electric images, logarithmic 
potential, etc. ix + 384pp. 5% x 8. $144 Paperbound $1.98 


LECTURES ON CAUCHY’S PROBLEMS, J. Hadamard. Based on lectures given at Columbia and 
Rome, this discusses work of Riemann, Kirchhoff, Volterra, and the author's own research on the 
hyperbolic case in linear partial differential equations. It extends spherical and cylindrical waves 
to apply to all (normal) hyperbolic equations. Partial contents: Cauchy's problem, fundamental 
formula, equations with odd number, with even number of independent variables; method of 
descent. 32 figures. Index. iii + 36lpp. 5% x 8. $105 Paperbound $1.75 


MATHEMATICAL PHYSICS, STATISTICS 


THE MATHEMATICAL THEORY OF ELASTICITY, A. £. H. Love. A wealth of practical illustration 
combined with thorough discussion of fundamentals—theory, application, special problems and 
solutions. Partial contents: Analysis of Strain & Stress, Elasticity of Solid Bodies, Isotropic Elastic 
Solids, Equilibrium of Aeolotropic Elastic Solids, Elasticity of Crystals, Vibration of Spheres, 
Cylinders, Propagation of Waves in Elastic Solid Media, Torsion, Theory of Continuous Beams, 
Plates. Rigorous treatment of Volterra’s theory of dislocations, 2-dimensional elastic systems, other 
topics of modern interest. ‘‘For years the standard treatise on elasticity,’’ AMERICAN MATHE- 
MATICAL MONTHLY. 4th revised edition. Index. 76 figures. xviii + 643pp. 6% x 9%. 

§174 Paperbound $2.95 


TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E. Jahnke & F. Emde. The world's most 
comprehensive 1-volume English-text collection of tables, formulae, curves of transcendent functions. 
4th corrected edition, new 76-page section giving tables, formulae for elementary functions—not 
in other English editions. Partial contents: sine, cosine, logarithmic integral; factorial function; 
error integral; theta functions; elliptic integrals, functions; Legendre, Bessel, Riemann, Mathieu, 
hypergeometric functions, etc. Supplementary books. Bibliography. Indexed. ‘'Out of the way 
functions for which we know no other source,’ SCIENTIFIC COMPUTING SERVICE, Ltd. 212 figures. 
400pp. 5% x 8. $133 Paperbound $2.00 


PRACTICAL ANALYSIS, GRAPHICAL AND NUMERICAL METHODS, F. A. Willers. Translated by 
R. T. Beyer. Immensely practical handbook for engineers, showing how to interpolate, use various 
methods of numerical differentiation and integration, determine the roots of a single algebraic 
equation, system of linear equations, use empirical formulas, integrate differential equations, etc. 
Hundreds of shortcuts for arriving at numerical solutions. Special section on American calculating 
machines, by T. W. Simpson. 132 illustrations. 422pp. 5% x 8. $273 Paperbound $2.00 


DICTIONARY OF CONFORMAL REPRESENTATIONS, H. Kober. Laplace's equation in 2 dimensions 
solved in this unique book developed by the British Admiralty. Scores of geometrical forms & 
their transformations for electrical engineers, Joukowski aerofoil for aerodynamists, Schwartz- 
Christoffel tronsformations for hydrodynamics, transcendental functions. Contents classified ~accord- 
ing to analytical functions describing transformation. Twin diagrams show curves of most trans- 
formations with corresponding regions. Glossary. Topological index. 447 diagrams. 244pp. 
6% x9, $160 Paperbound $2.00 


FREQUENCY CURVES AND CORRELATION, W. P. Elderton. 4th revised edition of a standard work 
covering classical statistics. It is practical in approach, and one of the books most frequently 
referred to for clear presentation of basic material. Partial contents. Frequency distributions. 
Method of moment. Pearson's frequency curves. Correlation. Theoretical distributions, spurious 
correlation. Correlation of characters not quantitatively measurable. Standard errors. Test of 
goodness of fit. The correlation ratio—contingency. Partial correlation. Corrections for moments, 
beta and gamma functions, etc. Key to terms, symbols. Bibliography. 25 examples in text. 
40 useful tables. 16 figures. xi ++ 272pp. 5% x 8%. Clothbound $1.49 


HYDRODYNAMICS, H. Dryden, F. Murnaghan, Harry Bateman. Published by the National Research 
Council in 1932 this enormous volume offers a complete coverage of classical hydrodynamics. 
Encyclopedic in quality. Partial contents: physics of fluids, motion, turbulent flow, compressible 
fluids, motion in 1, 2, 3 dimensions; viscous fluids rotating, laminar motion, resistance of motion 
through viscous fluid, eddy viscosity, hydraulic flow in channels of various shapes, discharge of 
gases, flow past obstacles, etc. Bibliography of over 2,900 items. indexes. 23 figures. 634pp. 
5%, x 8. S303 Paperbound $2.75 


HYDRODYNAMICS, A STUDY OF LOGIC, FACT, AND SIMILITUDE, Garrett Birkhoff. A stimulating 
application of pure mathematics to an applied problem. Emphasis is placed upon correlation of 
theory and deduction with experiment. It examines carefully recently discovered paradoxes, 
theory of modelling and dimensional analysis, paradox & error in flows and free boundary theory. 
The author derives the classical theory of virtual mass from homogeneous spaces, and applies 
group theory to fluid mechanics. Index. Bibliography. 20 figures, 3 pilates. xiii + 186pp. 5% x 8. 

$21 Clothbound $3.50 

$22 Paperbound $1.85 


HYDRODYNAMICS, Horace Lamb. Internationally famous complete coverage of standard reference 
work on dynamics of liquids & gases. Fundamental theorems, equations, methods, solutions, 
background, for classical hydrodynamics. Chapters include Equations of Motion, Integration of 
Equations in Special Gases, Irrotational Motion, Motion of Liquid in 2 Dimensions, Motion of 
Solids through Liquid—Dynamical Theory, Vortex Motion, Tidal Waves, Surface Waves, Waves of 
Expansion, Viscosity, Rotating Masses of Liquids. Excellently planned, arranged; clear, lucid 
presentation. 6th enlarged, revised edition. Index. Over 900 footnotes, mostly bibliographical. 
119 figures. xv + 738pp. 6% x 9%. $256 Paperbound $2.95 


INTRODUCTION TO RELAXATION METHODS, F. S. Shaw. Fluid mechanics, design of electrical 
networks, forces in structural frameworks, stress distribution, buckling, etc. Solve linear simul- 
taneous equations, linear ordinary differential equations, partial differential equations, Eigenvalue 
problems by relaxation methods. Detailed examples throughout. Special tables for dealing with 
awkwardly-shaped boundaries. Indexes. 253 diagrams. 72 tables. 400pp. 5% x 8. 

$244 Paperbound $2.45 


PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, A. G. Webster. A keystone 
work in the library of every mature physicist, engineer, researcher. Valuable sections on elasticity, 
compression theory, potential thecry, theory of sound, heat conduction, wave propagation, 
vibration theory. Contents include: deduction of differential equations, vibrations, normal func- 
tions, Fourier’s series, Cauchy's method, boundary problems, method of Riemann-Volterra. 
Spherical, cylindrical, ellipsoidal harmonics, applications, etc. 97 figures. vii + 440pp. 5% x 8. 

$263 Paperbound $1.98 


THE THEORY OF GROUPS AND QUANTUM MECHANICS, H. Weyl. Discussions of Schroedinger's 
wave equation, de Broglie’s waves of a particle, Jordon.’ se!der theorem, Lie’s continuous groups 
of transtormations, Pauli exclusion principle, quantization of Maxwell-Dirac field equations, etc. 
symmetry permutation group, algebra of symmetric transformation, etc. 2nd revised edition. 
Unitary geometry, quantum theory, groups, application of groups to quantum mechanics, symmetry 
permutation group, algebra of syntmetric transformation, etc. 2nd revised edition. Bibliography. 
Index. xxii ++ 422pp. 53% x 8. $268 Clothbound $4.50 

$269 Paperbound $1.95 


PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, Harry Bateman. Solution of 
boundary value problems by means of definite analytical expressions, with wide range of repre- 
sentative problems, full reference to contemporary literature, and new material by the author. 
Partial contents: classical equations, integral theorems of Green, Stokes; 2-dimensional problems; 
conformal representation; equations in 3. variables; polar coordinates; cylindrical, ellipsoidal, 
paraboloid, toroidal coordinates; non-linear equations, etc. ‘'Must be in the hands of everyone 
interested in boundary value problems,’’ BULLETIN, AM. MATH. SOC. indexes. 450 bibliographic 
footnotes. 175 examples. 29 illustrations. xxii +- 552pp. 6x 9. S15 Clothbound $4.95 


NUMERICAL SOLUTIONS OF DIFFERENTIAL EQUATIONS, H. Levy & E. A. Baggoftt. Comprehensive 
collection of methods for solving ordinary differential equations of first and higher order. All 
must pass 2 requirements: easy to grasp and practical, more rapid than school methods. Partial 
contents: graphical integration of differential equations, graphical methods for detailed solution. 


Numerical solution. Simultaneous equations and equations of 2nd and higher orders. ‘'Should 
be in the hands of all in research in applied mathematics, teaching,’’ NATURE. 21 figures. 
viii + 238pp. 5% x 8. $168 Paperbound $1.75 


ASYMPTOTIC EXPANSIONS, A. Erdélyi. The only modern work available in English, this is an 
unabridged reproduction of a monograph prepared for the Office of Naval Research. It discusses 
various procedures for asymptotic evaluation of integrals containing a large parameter and solu- 
tions of ordinary linear differential equations. Bibliography of 71 items. vi + 108pp. 5% x 8. 

$318 Paperbound $1.35 


THE FOURIER INTEGRAL AND CERTAIN OF ITS APPLICATIONS, Norbert Wiener. The only book- 
length study of the Fourier integrol as link between pure and applied math. An expansion of 
lectures given at Cambridge. Partial contents: Plancherel’s theorem, general Tauberian theorem, 
special Tauberian theorms, generalized harmonic analysis. Bibliography. viii -+ 20lpp. 5% x 8. 

$272 Clothbound $3.95 


THE THEORY OF SOUND, Lord Rayleigh. Most vibrating systems likely to be encountered in 
practice can be tackled successfully by the methods set forth by the great Noble laureate, Lord 
Rayleigh. Complete coverage of experimental, mathematical aspects of sound theory. Partial contents: 
Harmonic motions, vibrating systems in general, lateral vibrations of bars, curved plates or shells, 
applications of Laplace's functions to acoustical problems, fluid friction, plane vortex-sheet, 
vibrations of solid bodies, etc. This is the first inexpensive edition of this great reference and 
study work. Bibliography. Historical introduction by R. B. Lindsay. Total of 1040pp. 97 figures. 
534% x 8. $292, $293, Two volume set, paperbound $4.00 


ANALYSIS & DESIGN OF EXPERIMENTS, H. B. Mann. Offers a method for grasping the analysis 
of variance and variance design within a short time. Partial contents: Chi-square distribution 
and analysis of variance distribution, matrices, quadratic forms, likelihood ratio tests and tests 
of linear hypotheses, power of analysis, Galois fields, non-orthogonal data, interblock estimates, 
etc. 15pp. of useful tables. x + 195pp.5x 7%. $180 Paperbound $1.45 


MATHEMATICAL ANALYSIS OF ELECTRICAL AND OPTICAL WAVE-MOTION, Harry Bateman. Written 
by one of this century's most distinguished mathematical physicists, this is a practical introduction 
to those developments of Maxwell's electromagnetic theory which are directly connected with the 
solution of the partial differential equation of wave motion. Methods of solving wave-equations, 
polar-cylindrical coordinates, diffraction, transformation of coordinates, homogeneous solutions, 
electromagnetic fields with moving singularities, etc. Index. 168pp. 5%, x 8. 

S14 Paperbound $1.60 


PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. A Nobel laureate discusses 
quantum theory; Heisenberg’s own work, Compton, Schroedinger, Wilson, Einstein, many others. 
Written for physicists, chemists who are not specialists in quantum theory, only elementary 
formulae are considered in the text; there is a mathematical appendix for specialists. Profound 
without sacrifice of clarity. Translated by C. Eckart, F. Hoyt. 18 figures. 192pp. 5%, x 8. 

$113 Paperbound $1.25 


FOUNDATIONS OF NUCLEAR PHYSICS, edited by R. T. Beyer. 13 of the most important papers 
on nuclear physics reproduced in facsimile in the original languages of their authors: the papers 
most often cited in footnotes, bibliographies. Anderson, Curie, Joliot, Chadwick, Fermi, Lawrence, 
Cockcroft, Hahn, Yukawa. Unparalleled Bibliography: 122 double-columned pages, over 4,000 
articles, books, classified. 57 figures. 288pp. 6% x 9i4. $19 Paperbound $1.75 


SELECTED PAPERS ON NOISE AND STOCHASTIC PROCESS, edited by Prof. Nelson Wax, U. of 
IHinois. 6 basic papers for newcomers in the field, for those whose work involves noise charac- 
teristics. Chandrasekhar, Uhlenbeck & Ornstein, Uhlenbeck & Ming, Rice, Doob. Included is Kac’s 
Chauvenet-Prize winning Random Walk. Extensive bibliography lists 200 articles; up through 1953. 
21 figures. 337pp. 6%, x 9%. $262 Paperbound $2.25 


THERMODYNAMICS, Enrico Fermi. Unabridged reproduction of 1937 edition. Elementary in 
treatment; remarkable for clarity, organization. Requires no knowledge of advanced math 
beyond calculus, only familiarity with fundamentals of thermometry, calorimetry. Partial Contents: 
Thermodynamic systems; First & Second laws of thermodynamics; Entropy; Thermodynamic poten- 
tials: phase rule, reversible electric cell; Gaseous reactions: Van't Hoff reaction box, principle of 
LeChatelier; Thermodynamics of dilute solutions:: osmotic & vapor pressure, boiling & freezing 
points; Entropy constant. Index. 25 problems. 24 illustrations. x -- 160pp. 5% x 8. 

S361 Paperbound $1.75 


AN INTRODUCTION TO THE STUDY OF STELLAR STRUCTURE, Subrahmanyan Chandrasekhar. 
Outstanding treatise on stellar dynamics by one of world’s greatest astrophysicists. Uses classical 
& modern math methods to examine relationship between loss of energy, the mass, and radius 
of stars in a steady state. Discusses thermodynamic laws from Caratheodory's axiomatic 
standpoint; adiabatic, polytropic laws; work of Ritter, Emden, Kelvin, others; Stroemgren 
envelopes as starter for theory of gaseous stars; Gibbs statistical mechanics (quantum); 
degenerate stellar configurations & theory of white dwarfs, etc. ‘‘Highest level of scientific merit,"’ 
BULLETIN, AMER. MATH. SOC. Bibliography. Appendixes. Index. 33 figures. 509pp. 54% x 8. 

$413 Paperbound $2.75 


APPLIED OPTICS AND OPTICAL DESIGN, A. E. Conrady. Thorough, systematic presentation of 
physical & mathematical aspects, limited mostly to ‘‘real optics.’" Stresses practical problem of 
maximum aberration permissible without affecting performance. All ordinary ray tracing methods; 
complete theory primary aberrations, enough higher aberration to design telescopes, low-powered 
microscopes, photographic equipment. Covers fundamental equations, extra-axial image points, 
transverse chromatic aberration, angular magnification, aplanatic optical systems, bending of 
lenses, oblique pencils, tolerances, secondary spectrum, spherical aberration (angular, longi- 
tudinal, transverse, zonal}, thin lenses, dozens of similar topics. Index. Tables of functions of 
N. Over 150 diagrams. x + 518pp. 6% x 9%. $366 Paperbound $2.95 


SPACE-TIME-MATTER, Hermann Weyl. ‘‘The standard treatise on the general theory of relativity,” 
(Nature}], written by a world-renowned scientists, provides a deep clear discussion of the logical 
coherence of the general theory, with introduction to all the mathematical tools needed: Maxwell, 
analytical geometry, non-Euclidean geometry, tensor calculus, etc. Basis is classical space-time, 
before absorption of relativity. Partial contents: Euclidean space, mathematical form, metrical 
continuum, relativity of time and space, general theory. 15 diagrams. Bibliography. New preface 
for this edition. xviii + 330pp. 5%, x 8. $267 Paperbound $1.75 


RAYLEIGH'S PRINCIPLE AND ITS APPLICATION TO ENGINEERING, G. Temple & W. Bickley. 
Rayleigh’s principle developed to provide upper and lower estimates of true value of fundamental 
period of a vibrating system, or condition of stability of elastic systems. Illustrative examples; 
rigorous proofs in special chapters. Partial contents: Energy method of discussing vibrations, 
stability. Perturbation theory, whirling of uniform shafts. Criteria of elastic stability. Application 
of energy method. Vibrating system. Proof, accuracy, successive approximations, application of 
Rayleigh's principle. Synthetic theorems. Numerical, graphical methods. Equilibrium configura- 
tions, Ritz's method. Bibliography. Index. 22 figures. ix + 156pp. 5% x8. 


$307 Paperbound $1.50 
PHYSICS, ENGINEERING 


THEORY OF VIBRATIONS, N. W. Mckachlan. Based on an exceptionally successful graduate 
course given at Brown University, this discusses linear systems having 1 degree of freedom, forced 
vibrations of simple linear systems, vibration of flexible strings, transverse vibrations of bars and 
tubes, transverse vibration of circular plate, sound waves of finite amplitude, etc. Index. 
99 diagrams. 160pp. 5% x 8. $190 Paperbound $1.35 


WAVE PROPAGATION IN PERIODIC STRUCTURES, L. Brillouin. A general method and application 
to different problems: pure physics, such as scattering of X-rays of crystals, thermal vibration in 
crystal lattices, electronic motion in metals; and also problems of electrical engineering. Partial 
contents: elastic waves in 1-dimensional lattices of point masses. Propagation of waves along 
1-dimensional lattices. Energy flow. 2 dimensional, 3 dimensional lattices. Mathieu's equation. 
Matrices and propagation of waves along an electric line. Continuous electric lines. 131 illus- 
trations. Bibliography. Index. xii + 253pp. 5% x 8. $34 Paperbound $1.85 


THE ELECTROMAGNETIC FIELD, Max Mason & Warren Weaver. Used constantly by graduate 
engineers. Vector methods exclusively: detailed treatment of electrostatics, expansion methods, 
with tables converting any quantity into absolute electromagnetic, absolute electrostatic, practical 
units. Discrete charges, ponderable bodies, Maxwell field equations, etc. Introduction. Indexes. 
Alépp. 5% x 8. $185 Paperbound $2.00 


APPLIED HYDRO- AND AEROMECHANICS by L. Prandtl and O. G. Tietjens. Presents, for the 
most part, methods which will be valuable to engineers. Covers flow in pipes, boundary layers, 
airfoil theory, entry conditions, turbulent flow in pipes and the boundary layer, determining 


drag from measurements of pressure and velocity, etc. ‘“‘Will be welcomed by all students of 
aerodynamics,'’ NATURE. Unabridged, unaltered. Index. 226 figures. 28 photographic plates 
illustrating flow patterns. xvi + 31lpp. 5% x 8. $375 Paperbound $1.85 


FUNDAMENTALS OF HYDRO- AND AEROMECHANICS by L. Prandtl and O. G. Tietjens. The well- 
known standard work based upon Prandtl’s unique insights and including original contributions 
of Tietjens. Wherever possible, hydrodynamic theory is referred to practical considerations in 
hydraulics with the view of unifying theory and experience through fundamental laws. Presenta- 
tion is exceedingly clear and, though primarily physical, proofs are rigorous and use vector 
analysis to a considerable extent. Translated by L. Rosenhead. 186 figures. index. xvi 

270pp. 5% x 8. S374 Paperbound $1.85 


DYNAMICS OF A SYSTEM OF RIGID BODIES (Advanced Section), E. J. Routh. Revised 6th edition 
of a classic reference aid. Much of its material remains unique. Partial contents: moving axes, 
relative motion, oscillations about equilibrium, motion. Motion of a body under no forces, 
any forces. Nature of motion given by linear equations and conditions of stability. Free, forced 
vibrations, constants of integration, calculus of finite differences, variations, procession and 
nutation, motion of the moon, motion of string, chain, membranes. 64 figures. 498pp. 5% x 8. 

$229 Paperbound $2.35 


MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION, R. F. Deimel, Professor of 
Mechanical Engineering at Stevens Institute of Technology. Elementary general treatment of 
dynamics of rotation, with special application of gyroscopic phenomena. No knowledge of vectors 
needed. Velocity of a moving curve, acceleration to a point, general equations of motion, 
gyroscopic horizon, free gyro, motion of discs, the dammed gyro, 103 similar topics. Exercises. 
75 figures. 208pp. 5% x 8. S66 Paperbound $1.65 


TABLES FOR THE DESIGN OF FACTORIAL EXPERIMENTS, Tosio Kitagawa and Michiwo Mitome. 
An invaluable aid for all applied mathematicians, physicists, chemists and biologists, this book 
contains tables for the design of factorial experiments. It covers Latin squares and cubes, 
factorial design, fractional replication in factorial design, factorial designs with split-plot con- 
founding, factorial designs confounded in quasi-Latin squares, lattice designs, balanced in- 
complete block designs, and Youden's squares. New revised corrected edition, with explanatory 


notes. vii + 253pp. 7% x 10. $437 Clothbound $8.00 
NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS, Bennett, Milne & Bateman. Unabridged 
republication of original monograph prepared for National Research Council. New methods of 


integration of differential equations developed by 3 leading mathematicians: THE INTERPOLA- 
TIONAL POLYNOMIAL and SUCCESSIVE APPROXIMATIONS by A. A. Bennett; STEP-BY-STEP 
METHODS OF INTEGRATION by W. W. Milne; METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS 
by H. Bateman. Methods for partial differential equations, transition from difference equations 
to differential equations, solution of differential equations to non-integral values of a parameter 
will interest mathematicians and physicists. 288 footnotes, mostly bibliographic; 235-item 
classified bibliography. 108pp. 5% x 8. S305 Paperbound $1.35 


DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T. N. Whitehead. For the 
instrument designer, engineer; how to combine necessary mathematical abstractions with inde- 
pendent observation of actual facts. Partial contents: instruments & their parts, theory of errors, 
systematic errors, probability, short period errors, erratic errors, design precision, kinematic semi- 
kinematic design, stiffness, Planning of an instrument, human factor, etc. Index. 85 photos, 
diagrams. xii + 288pp. 5% x 8. $270 Paperbound $1.95 


CHEMISTRY AND PHYSICAL CHEMISTRY 


KINETIC THEORY OF LIQUIDS, J. Frenkel. Regarding the kinetic theory of liquids as a general- 
ization and extension of the theory of solid bodies, this volume covers all types of arrangements 
of solids, thermal displacements of atoms, interstitial atoms and ions, orientational and rotational 
motion of molecules, and transition between states of matter. Mathematical theory is developed 
close to the physical subject matter. 216 bibliographical footnotes. 55 figures. xi + 485pp. 
5% x 8. S94 Clothbound $3.95 

S95 Paperbound $2.45 


THE PHASE RULE AND ITS APPLICATION, Alexander Findlay. Covering chemical phenomena of 
1, 2, 3, 4, and multiple component systems, this ‘‘standard work on the subject’' (NATURE, 
London}, has been completely revised and brought up to date by A. N. Campbell and N. O. 
Smith. Brand new material has been added on such matters as binary, tertiary liquid equilibria, 
solid solutions in ternary systems, quinary systems of salts and water. Completely revised to 
triangular coordinates in ternary systems, clarified graphic representation, solid models, etc. 
9th revised edition. Author, subject indexes. 236 figures. 506 footnotes, mostly bibliographic. 
xii 4+ 494pp. 5% x 8. $92 Paperbound $2.45 


DYNAMICAL THEORY OF GASES, James Jeans. Divided into mathematical and physical chapters 
for the convenience of those not expert in mathematics, this volume discusses the mathematical 
theory of gas in a steady state, thermodynamics, Boltzmann and Maxwell, kinetic theory, quantum 
theory, exponentials, etc. 4th enlarged edition, with new material on quantum theory, quantum 
dynamics, etc. Indexes. 28 figures. 444pp. 6% x 9%. $136 Paperbound $2.45 


POLAR MOLECULES, Pieter Debye. This work by Nobel laureate Debye offers a complete guide 
to fundamental electrostatic field relations, polarizability, molecular structure. Partial contents: 
electric intensity, displacement and force, polarization by orientation, molar ‘ polarization! and 
molar sefraction, halogen-hydrides, polar liquids, ionic saturation, dielectric constant, ete. 
Special chapter considers quantum theory. Indexed. 172pp. 5% x 8. $63 Clothbound $3.50 

664 Paperbound $1.50 


TREATISE ON THERMODYNAMICS, Max Planck. Based on Planck's original papers this offers a 
uniform point of view for the entire field and has been used as an introduction for students who 
have studied elementary chemistry, physics, and calculus. Rejecting the earlier approaches of 
Helmholtz and Maxwell, the author makes no assumptions regarding the nature of heat, but 
begins with a few empirica! facts, and from these deduces new physical and chemical laws. 
3rd English edition of this standard text by a Nobel laureate. xvi + 297pp. 5% x 8. 

$219 Paperbound $1.75 


ATOMIC SPECTRA AND ATOMIC STRUCTURE, G. Herzberg. Excellent general survey for chemists, 
physicists specializing in other fields. Partial contents: simplest line spectra and elements of 
atomic theory, multiple structure of line spectra and electron spin, building-up principle and 
periodic system of elements, finer details of atomic spectra, hyperfine structure of spectral lines, 
some experimental results and applications. Bibliography of 159 items. 80 figures. 20 tables. 
Index. xiii -+ 257pp. 5% x8. $115 Paperbound $1.95 


EARTH SCIENCES 


THE EVOLUTION OF THE IGNEOUS ROCKS, N. L. Bowen. Invaluable serious introduction applies 
techniques of physics and chemistry to explain igneous rocks diversity in terms of chemical com- 
position and fractional crystallization. Discusses liquid immiscibility in silicate magmas, crystal 
sorting, liquid lines of descent, fractional resorption of complex minerals, petrogenesis, etc. Of 
rime importance to geologists & mining engineers, also to physicists, chemists working with 
high temperatures and pressures. ‘‘Most important,’ TIMES, London. 3 indexes. 263 biblio- 
graphic notes. 82 figures. xviii —+ 334pp. 5% x 8. 6311 Paperbound $1.65 


GEOGRAPHICAL ESSAYS, William Morris Davis. Modern geography & geomorphology rests on 
the fundamental work of this scientist. 26 famous essays presenting most important theories, 
field researches. Partial contents: Geographical Cycle, Plains of Marine and Subaerial Denuda- 
tion, The Peneplain, Rivers and Valleys of Pennsylvania, Outline of Cape Cod, Sculpture of 
Mountains by Glaciers, etc. ‘‘Long the leader and guide,"" ECONOMIC GEOGRAPHY. ‘‘Part of 
the very texture of geography . . . models of clear thought,’’ GEOGRAPHIC REVIEW. Index. 
130 figures. vi -+ 777pp. 5% x 8. $383 Paperbound $2.95 


INTERNAL CONSTITUTION OF THE EARTH, edited by Beno Gutenberg. Completely revised, 
brought up-to-date, reset. Prepared for the National Research Council this is a complete & 
thorough coverage of such topics as earth origins, continent formation, nature & behavior of 
the earth's core, petrology of the crust, cooling forces in the core, seismic & earthquake material, 
gravity, elastic constants, strain characteristics and similar topics. ‘‘One is filled with admira- 
tion . . . a high standard . . . there is no reader who will not learn something fiom this 
book,''London, Edinburgh, Dublin, Philosophic Magazine. Largest bibliography in print: 1127 
classified items. Indexes. Tables of constants. 43 diagrams. 439pp. 6% x 9%. 

$414 Paperbound $2.45 


THE BIRTH AND DEVELOPMENT OF THE GEOLOGICAL SCIENCES, F. D. Adams. Most thorough 
history of the earth sciences ever written. Geological thought from earliest times to the end 
of the 19th century, covering over 300 early thinkers & systems: fossils & their explanation, 
vulcanists vs. neptunists, figured stones & paleontology, generation of stones, dozens of similar 
topics. 91 illustrations, including medieval, renaissance woodcuts, etc. Index. 632 footnotes, 
mostly bibliographical. S5llpp. 5% x 8. T5 Paperbound $2.00 


HYDROLOGY, edited by Oscar E. Meinzer. Prepared for the National Research Council. Detailed 
complete reference library on precipitation, evaporation, snow, snow surveying, glaciers, lakes, 
infiltration, soil moisture, ground water, runoff, drought, physical changes produced by water, 
hydrology of limestone terranes, etc. Practical in application, especially valuable for engineers. 
24 experts have created ‘‘the most up-to-date, most complete treatment of the subject,'' AM. 
ASSOC. OF PETROLEUM GEOLOGISTS. Bibliography. Index. 165 illustrations. xi -+ 712pp. 
6% x9% $191 Paperbound $2.95 


DE RE METALLICA, Georgiuvs Agricola. 400-year old classic translated, annotated by former 
President Herbert Hoover. The first scientific study of mineralogy and mining, for over 200 
years after its appearance in 1556, it was the standard treatise. 12 books, exhaustively anno- 
tated, discuss the history of mining, selection of sites, types of deposits, making pits, shafts, 
ventilating, pumps, crushing machinery; assaying, smelting, refining metals; also salt, alum, 
nitre, glass making. Definitive edition, with all 289 16th century woodcuts of the original. 
Bibliographical, historical introductions, bibliography, survey of ancient authors. Indexes. A 
fascinating book for anyone interested in art, history of science, geology, etc. DELUXE EDITION. 
289 illustrations. 672pp. 634 x 10%. Library cloth $6 Clothbound $10.00 


URANIUM PROSPECTING, H. L. Barnes. For immediate practical use, professional geologists 
considers uranium ores, geological occurrences, field conditions, all aspects of highly profitable 
occupation. Index. Bibliography. x +117pp. 5% x 8. T309 Paperbound $1.00 


BIOLOGICAL SCIENCES 


THE BIOLOGY OF THE AMPHIBIA, G. K. Noble, Late Curator of Herpetology at the Am. Mus. 
of Nat. Hist. Probably the most used text on amphibia, unmatched in comprehensiveness, 
clority, detail. 19 chapters plus 85-page supplement cover development; heredity; life history; 
adaptation; sex, integument, respiratory, circulatory, digestive, muscular, nervous systems; 
instinct, intelligence habits environment economic value, relationships, classification, etc. ‘‘Nothing 
comparable to it,’ C. H. Pope, Curator of Amphibia, Chicago Mus. of Nat. Hist. 1047 biblio- 
graphic references. 174 illustrations. 600pp. 5% x 8. $206 Paperbound $2.98 


THE BIOLOGY OF THE LABORATORY MOUSE, edited by G. D. Snell. Ist prepared in 1941 by 
the staff of the Roscoe B. Jackson Memorial laboratory, this is still the standard treatise on the 
mouse, assembling an enormous amount of material for which otherwise you would spend hours 
of research. Embryology, reproduction, histology, spontaneous neoplasms, gene & chromosomes 
mutations, genetics of spontaneous tumor formation, genetics of tumor formation, inbred, hybrid 
animals, parasites, infectious diseases, care & recording. Classified bibliography of 1122 items. 
172 figures, including 128 photos. ix -++ 497pp. 6% x9%. $248 Clothbound $6.00 


BEHAVIOR AND SOCIAL LIFE OF THE HONEYBEE, Ronald Ribbands. Oustanding scientific study; 
a compendium of practically everything known about social life of the honeybee. Stresses be- 
havior of individual bees in field, hive. Extends von Frisch's experiments on communication 
among bees. Covers perception of temperature, gravity, distance, vibration; sound production; 
glands; structural differences; wax production, temperature regulation; recognition communication; 
drifting, mating behavior, other highly interesting topics. Bibliography of 690 references. indexes. 
127 diagrams, graphs, sections of bee anatomy, fine photographs. 352pp. 

$410 Clothbound $4.50 


ELEMENTS OF MATHEMATICAL BIOLOGY, A. J. Lotka. A pioneer classic, the first major attempt 
to apply modern mathematical techniques on a large scale to phenomena of biology, biochem- 
istry, psychology, ecology, similar life sciences. Partial Contents: Statistical meaning of irre- 
versibility; Evolution as redistribution; Equations of kinetics of evolving systems; Chemical, inter- 
species equilibrium; parameters of state; Energy transformers of nature, etc. Can be read with 
profit even by those having no advanced math; unsurpassed as study-reference. Formerly titled 
ELEMENTS OF PHYSICAL BIOLOGY. 72 figures. xxx -+ 460pp. 5% x 8. 

$346 Paperbound $2.45 


THE ORIGIN OF LIFE, A. I. Oparin. A classic of biology. This is the first modern statement of 
the theory of gradual evolution of life from nitrocarbon compounds. A brand-new evaluation 
of Oparin's theory in light of later research, by Dr. S. Margulis, University of Nebraska. xxv 
+ 270pp. 5% x8. $213 Paperbound $1.75 


THE TRAVELS OF WILLIAM BARTRAM, edited by Mark Van Doren. This famous source-book of 
American anthropology, natural history, geography is the record kept by Bartram in the 1770's, 
on travels through the wilderness of Florida, Georgia, the Carolinas. Containing accurate and 
beautiful descriptions of Indians, settlers, fauna, flora, it is one of the finest pieces of Ameri- 
cana ever written. Introduction by Mark Van Doren. 13 original illustrations. Index. 448pp. 
559, x 8. T13 Paperbound $2.00 


A SHORT HISTORY OF ANATOMY AND PHYSIOLOGY FROM THE GREEKS TO HARVEY, Charles 
Singer. Corrected edition of THE EVOLUTION OF ANATOMY, classic work tracing evolution of 
anatomy and physiology from prescientific times through Greek & Roman periods, Dark Ages, 
Renaissance, to age of Harvey and beginning of modern concepts. Centered on individuals, 
movements, periods that definitely advanced’ anatomical knowledge: Plato, Diocles, Aristotle, 
Theophrastus, Herophilus, Erasistratus, the Alexandrians, Galen, Mondino, da Vinci, Linacre, 
Harvey, others. Special section on Vesalius; Vesalian atlas of nudes, skeletons, muscle tabulae. 
Index of names. 20 plates, 270 extremely interesting illustrations of ancient, medieval, renais- 
sance, oriental origin. xii + 209pp. 5% x 8. T389 Paperbound $1.75 


NEW BOOKS 


LES METHODES NOUVELLES DE LA MECANIQUE CELESTE by H. Poincaré. Complete text (in 
French) of one of Poincaré’s most important works. Revolutionized celestial mechanics: first 
use of integral invariants, first major application of linear differential equations, study of per- 
iodic orbits, lunar motion and Jupiter's satellites, three body problem, and many other im- 
portant topics. ‘‘Started a new era . . . so extremely modern that even today few have 
mastered his weapons,’’ E. T. Bell. Three volumes; 1282pp. 6% x9%. 

Vol. 1. $401 Paperbound $2.75 

Vol. 2, S402 Paperbound $2.75 

Vol. 3. S403 Paperbound $2.75 


APPLICATIONS OF TENSOR ANALYSIS by A. J. McConnell. (Formerly, APPLICATIONS OF THE 
ABSOLUTE DIFFERENTIAL CALCULUS). An excellent text for understanding the application of 
tensor methods to familiar subjects such as: dynamics, electricity, elasticity, and hydrodynamics. 
It explains the fundamental ideas and notation of tensor theory, the geometrical treatment of 
tensor algebra, the theory of differentiation of tensors, and includes a wealth of practice ma- 
terial. Bibliography. Index. 43 illustrations. 685 problems. xii + 381]pp. 

$373 Paperbound $1.85 


BRIDGES AND THEIR BUILDERS, David B. Steinman and Sara Ruth Watson. Engineers, historians, 
and everyone who has ever been fascinated by great spans will find this book an endless soUrce 
of information and interest. Dr. Steinman, the recent recipient of the Louis Levy Medal, is one 
of the great bridge architects and engineers of all time, and his analysis of the great bridges 
of all history is both authoritative and easily followed. Greek and Roman bridges, medieval 
bridges, oriental bridges, modern works such as the Brooklyn Bridge and the Golden Gate 
Bridge (and many others) are described in terms of history, constructional principles, artistry, 
and function. All in all this book is the most comprehensive and accurate semipopular history 
of bridges in print in English. New greatly revised enlarged edition. 23 photographs, 26 line 
drawings. Index. xvii + 40lpp. 5% x 8. T431 Paperbound $1.95 


MATHEMATICS IN ACTION, O. G. Sutton. Excellent middle-level exposition of application of 
advanced mathematics to the study of the universe. The author demonstrates how mathematics 
is applied in ballistics, theory of computing machines, waves and wavelike phenomena, theory 
of fluid flow, meterological problems, statistics, flight, and similar phenomena. No knowledge 
of advanced mathematics is necessary to ‘follow the author's presentation. Differential equations, 
Fourier series, group concepts, eigen functions, Planck's constant, airfoil theory and similar topics 
are explained so clearly in everyday language that almost anyone can derive benefit from read- 
ing this book, 2nd edition. Index. 88 figures. viii + 236pp. 5% x 8. 

T450 Clothbound $3.50 


MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY by A. I. Khinchin. For the first 
time, mathematicians, statisticians, physicists, cyberneticists and communications engineers are 
offered a complete and exact introduction to this relatively young field. Entropy as a measure 
of a finite ‘‘scheme,’’ applications to coding theory, study of sources, channels and codes, 
detailed proofs of both Shannon theorems for any ergodic source and any stationary channel 
with finite memory, and much more is covered. Bibliography. vii + 120pp. 5% x 8. 

$434 Paperbound $1.35 
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Tensors for Circuits 


GABRIEL KRON 


The purpose of this volume is to develop a new method of analyzing engineering prob- 
lems, through tensor analysis. This boldly original method has been the center of sharp 
discussion since first introduced; some scientists pronounce it improper usage and 
limited, while others have found it “the most significant advance in electrical engineering 
analysis since... Kennelly and Steinmetz.” (P. Le Corbeiller) 


Recently, however, this approach to system problems has definitely proved its usefulness. 
In such areas as electrical and structural networks on automatic computors, Kron’s 
approach is perhaps the only one which renders possible an ordered presentation of 
problems for computation. An introduction to his techniques is taught in such schools as 
Johns Hopkins University, University of Liverpool, University of Sydney, and in TVA courses. 
Tensor analysis has the advantage of encompassing a very great variety of specific prob- 
lems by means of a relatively few symbolic equations. This generalized approach will 
probably become standard teaching procedute, as it is more and more realized that gen- 
eral methods are essentially simpler and easier to handle than miscellaneous methods 
devised for special problems. 


Chapters cover Algebra of N-Way Matrices; Compound n-Matrices; Transformation Theory; 
Different Types of Transformations; Reactance Calculation of Armature Windings; the Laws 
of Transformations; Equations of Constraint as Transformations; Unbalanced Multiwinding 
Transformers; Method of Symmetrical Components; Mercury-arc Rectifier Circuits; Phase- 
_shift Transformers; Index Notation; Differentiation and Integration of Tensors; Maxwell’s 
Field Equations; Generalized Postulates of Rotating Machinery; Primitive Rotating Machine; 
Transformation Tensor; Performance Calculations; Transient Stability of Regulating 
Devices; Elimination of Axes; Revolving-field Theory; Polyphase Machines; Rotating, Holo- 
nomic Reference Frames; Speed Control Systems; Derivation of the Equations for General 
Rotating Axes; Transforming the Two Primitive Machines into Each Other; Small Oscilla- 
tions; Hunting of Machines with Slip Rings; Laws of Transformation of Z; Equation of 
Motion; Third Generalization Postulate. 


“The power and flexibility of these tensor applications... are becoming more widely 
recognized,” Nature, 


Formerly “A Short Course in Tensor Analysis for Electrical Engineers.” New introduction 
for this edition by Banesh Hoffmann, Queens College. Index. Over 800 diagrams, charts. 
xix + 250pp. 5% x 8. 

$534 Paperbound $1.85 
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this edition is an unabridged full-length book, but is still easy to handle. 
THE BINDING: The pages in this book are SEWN in signatures, in the method traditionally 
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